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Abstract 

A near-group fusion category is a fusion category C where all but 1 sim- 
ple objects are invertible. Examples of these include the Tambara-Yamagami 
categories and the even sectors of the and Eq subfactors, though there 
are infinitely many others. We classify the near-group fusion categories, and 
compute their doubles and the modular data relevant to conformal field theory. 
Among other things, we explicitly construct over 40 new finite depth subfac- 
tors, with Jones index ranging from around 6.85 to around 14.93. We expect 
all of these doubles to be realised by rational conformal field theories. 
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1 Introduction 

Considerable effort in recent years has been directed at the classification of subfactors 
of small index. Subfactors of index < 5 are now all known (see e.g. [22]). The 
classification for index < 4 was established some time ago. The Haagerup subfactor 
[T3] with Jones index (5 + vl3)/2 ~ 4.30278, the Asaeda-Haagerup subfactor [I] with 
index (5 + VT7)/2 m 4.56155, and the extended Haagerup subfactor [2] with index 
~ 4.37720, arose in Haagerup' s classification [13] of irreducible finite depth subfactors 
of index between 4 and 3 + v3 ~ 4.73205. A Goodman-de la Harpe- Jones subfactor 
coming from the even sectors of the subfactor corresponding to the A 110 C 6*2,1 
conformal embedding, has index 3 + Then comes the Izumi-Xu subfactor 2221 
[j~9] with index (5 + \/2l)/2 « 4.79 and principal graph in Figure 1, coming from the 
6*2,3 C E^x conformal embedding. 

The punchline is that, at least for small index, there are unexpectedly few sub- 
factors. Does this continue with higher index? Are the aforementioned subfactors 
exotic, or can we put them into sequences? In [19], Izumi realised the Haagerup and 
Izumi-Xu subfactors using endomorphisms in Cuntz algebras, and suggested that his 
construction may generalise. More precisely, to any abelian group G of odd order, 
Izumi wrote down a nonlinear system of equations; any solution to them corresponds 
to a subfactor of index + 2 + v^l^l 2 + 4)/2. He showed the Haagerup subfactor 
corresponds to G = Z 3 , and that there also is a solution for G = Z 5 . In [10] we found 
solutions for the next several G, explained that the number of these depends on the 
prime decomposition of \G\ 2 + 4, and argued that the Haagerup subfactor belongs to 
an infinite sequence of subfactors and so should not be regarded as exotic. 

Izumi in [19] also associated a second nonlinear system of equations to each finite 
abelian group; to any solution of this system he constructs a subfactor of index 
(\G\ + 2 + v/|G| 2 +4jGj)/2 and with principal graph 2^1, i.e. a star with one edge 
of length 1 and \G\ edges of length 2 radiating from the central vertex (Figure 1 is 
an example). Izumi then found solutions for G = Z n (n < 5) and Z 2 x Z 2 . G — Zj 
and Z 2 correspond to the index < 4 subfactors A4 and E 6 , respectively; his solution 
for Z3 provides his construction for Izumi-Xu. An alternate construction of 2221, 
involving the conformal embedding 62,3 C £6,1, is due to Feng Xu as described in 
the appendix to [5] (see also [H]). As we touch on later in the paper, there may be 
a relation between the series containing the Haagerup subfactor, and that containing 
the Izumi-Xu subfactor. 
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Figure 1. The 2 3 1 principal graph 

One of our tasks in this paper is to construct several more solutions to Izumi's 
second family of equations, strongly suggesting that this family also contains infinitely 
many subfactors. But more important, in this paper we study a broad class of systems 
of endomorphisms, the near-group fusion categories, including the Izumi-Xu series as 
a special case. We obtain a system of equations, generalising those of Izumi, providing 
necessary and sufficient conditions for their existence. We identify the complete list 
of solutions to the first several of these systems, which permits us the construction 
of over 40 new finite-depth subfactors of index < 15, 

A fusion category C [9] is a C-linear semisimple rigid monoidal category with 
finitely many simple objects and finite-dimensional spaces of morphisms, such that 
the endomorphism algebra of the neutral object is C. The Grothendieck ring of a 
fusion category is called a fusion ring. Perhaps the simplest examples are associated 
to a finite group G: the objects are G-graded vector spaces ® g V g , with monoidal 
product V g <S> VI = (V <E> V)gh- Its fusion ring is the group ring ZG. We call such 
examples group categories. The category Mod(G) of finite-dimensional G-modules is 
also a fusion category. 

We're actually interested in certain concrete realisations of fusion categories, which 
we call fusion C* -categories: the objects are endomorphisms (or rather sectors, i.e. 
equivalence classes of endomorphisms under the adjoint action of unitaries) on some 
infinite factor M, the spaces Hom(p, a) of morphisms are intertwiners, and the prod- 
uct is composition. Two fusion C*-categories are equivalent iff they are equivalent as 
fusion categories — all that matters for us is that the factor M exists, not which one 
it is. Every finite-depth subfactor N C M gives rise to two of these, one correspond- 
ing to the principal, or N-N, sectors and the other to the dual principal, or M-M, 
ones. For example, given an outer action a of a finite group G on an infinite factor N, 
we get a subfactor N <Z Ny\G = M coming from the crossed product construction: 
the N-N system realises the group category for G, while the M-M system realises 
Mod(G). Not all fusion categories can be realised as fusion C*-categories (e.g. the 
modular tensor categories associated to the so-called nonunitary Virasoro minimal 
models are not fusion C*-categories). 

Perhaps the simplest nontrivial example of the extension of a fusion category is 
when the category C has precisely 1 more simple object than the subcategory Cq, and 
the latter corresponds to a finite abelian group. More precisely, simple objects [g] in C 
correspond to group elements g G G, with tensor product [g] [h] = [gh] corresponding 
to group multiplication. The simple objects of C consist of the [g], together with 
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some object we'll denote [p\. Then [p] must be self-conjugate, [g][p] = [p] = [p][g], and 
[p] 2 = n'\p] + '^2 eG [g] (the multiplicities nl' g in the second term must be independent of 
g because of equivariance [g][p] = [p\] because [p] is its own conjugate, the multiplicity 
of [1] must be 1). 

We call these near-group categories of type G + n! . In this paper we restrict to 
abelian G, and we reserve n always for the order of G. Examples of these have been 
studied in the literature: 

• the Ising model and the module category of the dihedral group -D4, which are 
of type Z 2 + and Z 2 x Z 2 + 0, respectively; 

• more generally, the Tambara-Yamagami systems are by definition those of type 
G + 0; 

• the A^,Eq and Izumi-Xu subfactors are of type G + n for G = Zi,Z 2 ,Z 3 re- 
spectively; 

• more generally, Izumi's second hypothetical family would be of type G + n; 

• the subfactor and the module category of groups S3 and A 4 are of type 
Z 2 + 1, Z 2 + 1, and Z 3 + 2, respectively; 

• more generally, the representation category of the affine group Affi(F 9 ) = 
F,xF£ of a finite field ¥ q is of type Z q ^ + (q - 2). 

More precisely, Affi (¥ q ) is the group of all affine maps x > ax + b where a e F* 
and b G ¥ q . It has precisely q = p k conjugacy classes, with representatives (a, 0) 
and (1,1). It has precisely q — 1 1-dimensional representations, corresponding to the 
characters of F*. The remaining irrep is thus of dimension ^/q(q — 1) — q — 1 = q — 1, 
and is the nontrivial summand of the natural permutation representation of Affi(F g ) 
on F g given by the affine maps: (a, b).x = ax + b. 

In this paper we classify the near-group C*-categories G + n', in the sense that we 
obtain polynomial equations in finitely many variables, whose solutions correspond 
bijectively to equivalence classes of the near-group C*-categories. Given any near- 
group C*-category C with n' > 0, we identify a natural subfactor p(M) C M whose 
even systems are both identified with C. We also work out the principal graph of the 
closely related subfactor p{M) C M . By contrast, we can realise some but not all 
C with n' = 0, as the even sectors of a subfactor. 

There is a fundamental dichotomy here: n' either equals n — 1, or is a multiple of 
n, where as always n = \G\. When n' < n, we have a complete classification: 

Fact. Let G be any abelian group of order n. 

(a) There are precisely two C* -categories of type G + 0. 

(b) When n' is not a multiple of n = \G\, the only C* -categories of type G + n 1 are 
Mod(Affi(¥ n+ i)), except for n = 1,2,3,7 which have 1,2,1,1 additional C* -categories. 
In all cases here, n + 1 is a prime power, nl — n — \, and G = Z n+ i. 
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This is our Corollary 4 and Proposition 5 respectively, proven below. Type G + 
and type Z n + n — 1 fusion categories were classified by Tambara-Yamagami [30] 
and Etingof-Gelaki-Ostrik [8], respectively; we find that for these types, all fusion 
categories can be realised as C*-categories. Our proof of (a) is independent of and 
much simpler than |30j. 

Conjecture 1. For every nontrivial cyclic group G = r L n , there are at least 2 
inequivalent subfactors with principal graph 2 n lwhose principal even sectors satisfy 
the near-group fusions of type G + n. 

We have verified this for n < 13. For those n, the complete classification is given 
in Table 2 below. In the process, we construct dozens of new finite depth subfactors of 
small index with principal even sectors of near-group type. This classification for n = 
3 yields a uniqueness proof (up to complex conjugation) for the principal even sectors 
of the Izumi-Xu 2221 subfactor; this can be compared to Han's uniqueness proof [13] 
of the 2221 subfactor. Again, our proof is independent of and both considerably 
shorter and simpler than the original one. We do not yet feel confident speculating 
on systems with n' > n; the corresponding subfactors would have principal graph as 
in Figure 3 below. 

Two morals can be drawn from this paper together with our previous one [10] . One 
is that there is surely a plethora of undiscovered finite-depth subfactors, of relatively 
small index. This is in marked contrast to the observations of e.g. [23], who speak of 
the 'little desert' in the interval 5 < [M : N] < 3 + y/b. The situation here is probably 
very analogous to the classification of finite groups, which also is very tame for small 
orders. The second moral is that, when the fusions are close to that of a group, a very 
promising approach to the classification and construction of corresponding systems 
of endomorphisms, equivalently C*-categories, or the corresponding subfactors, is the 
Cuntz algebra method developed in e.g. [19] and championed here. This approach 
also makes the computation of the tube algebra and corresponding modular data 
etc (to be discussed shortly) completely accessible. In contrast, the technique of 
planar algebras is more robust, able to handle subfactors unrelated to groups, such 
as Asaeda-Haagerup and the extended Haagerup. But planar algebra techniques 
applied to e.g. the Haagerup fail to see that it (surely) lies in an infinite family. In 
a few minutes the interested computer can construct several more subfactors of the 
type described in Conjecture 1, using the Cuntz algebra method here, each of which 
would be a serious challenge for the planar algebra method. 

The underlying presence of groups here begs the question of i^-theory realisations 
of these fusion rings. For example, the fusion ring of the near-group C*-categories 
when n' — n — 1 can be expressed as K^ Sl ^ q \l). Is there a i^-theoretic expression 
in the other class, i.e. when n' £ nZ? 

An important class of fusion categories are the modular tensor categories |31j . 
which are among other things braided and carry a representation (called modular 
data) of the modular group SL^Z) of dimension equal to the rank of the category, 
from which e.g. the fusion coefficients can be computed. These arise from braided 
systems of endomorphisms on an infinite factor, from representations of completely 
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rational conformal nets, or from the modules of a rational vertex operator algebra. 

There is a standard construction, called the quantum or Drinfeld double, to go 
from fusion categories (with mild additional properties) to modular tensor categories 
[25] . We construct the doubles of our C*-categories, following the tube algebra ap- 
proach [18], and in particular explicitly compute its modular data. As with the 
Haagerup series, our formulae are unexpectedly simple. This simplicity also chal- 
lenges the perceived exoticness of these subfactors. 

A natural question is, are these modular tensor categories realised by conformal 
nets of factors, or by rational vertex operator algebras (VOAs)? Ostrik (see Appendix 
A in [5]) shows that the double of Izumi-Xu 2221 has a VOA interpretation, in fact it 
is the afhne algebra VOA corresponding to £2,3 © ^2,1- No construction is known for 
the large G. Curiously, this VOA conformally embeds into that of E^i © ^2,1 (which 
realises the fusions of the double of Z 3 ), and this was where [TU] suggests to look for 
the VOA associated to the double of the Haagerup. Could there be a relation between 
Izumi-Xu 2221 and the Haagerup? Other reasons suggest a relationship between 2 9 1 
and the Haagerup. We discuss this latter possibility briefly in Subsections 3.5 and 
4.4. 

More generally we could consider quadratic extensions of a group category. More 
precisely, let G be a finite group (not necessarily abelian) and suppose [p\* = [p][g p ] 
for some g p G G. Let N be any subgroup of G: we require [g][p] = [p] iff g G N. 
Then [p][g] = [p] iff g G g p Ng~ l =: N'. The simple objects in this category are 
[g] for g G G as well as [gi][p] for representatives g.i of cosets G/N. Let be any 
isomorphism G/N — > G/N'; we require [g][p] = [p}[g'} iff g' G <f)(gN). Then [p] 2 = 
E 56 atM + Y,i n i[9i][p\- We require to satisfy g~^^{g))g p = g for all g G G. This 
large class of examples should be accessible to a similar treatment. The near-group 
categories correspond to the choice N = G and g p — 1; the Haagerup- Izumi series 
[T9| [TO] corresponds to G = Z 2n+ i, N — 1, </>(g) = —g, — 1; in particular, the 
Haagerup subfactor at index (5 + V43)/2 corresponds to G = Z 3 . It would be very 
interesting to extend the analysis in this paper to this larger class. 

Here is a summary of our main results. Theorem 1 associates numerical invariants 
to a near-group C*-category, which according to Corollary 1 completely characterise 
the category. Corollary 2 (and the end of Subsection 2.2) associate to each C*- 
category two subfactors and work out their principal graphs. Theorem 2 establishes 
the fundamental dichotomy of near-group C*-categories: either n' = n — 1 or n 1 G nZ. 
When n' = n — 1, Theorem 3 lists the identities necessarily obeyed by the numerical 
invariants and shows they are also sufficient. Theorem 4 does the same when n\n' . In 
Proposition 5 we find all near-group C-categories with n' — n — 1; we see that almost 
all of these are known. In Table 2 we list the first several with n' = n, and find that 
almost none of these are known. In Theorem 5 and Corollary 6 we work out the tube 
algebra and modular data for any near-group C*-category with n' = n — 1. [1_9] had 
found a very complicated expression for the modular data when n' = n; we notice in 
Subsection 4.4 that it collapses to cosines. 

Note added in proof. After completing this manuscript, we received in July 2012 
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[21] from Masaki Izumi, which overlaps somewhat the contents of our paper. In 
particular, he also obtained necessary and sufficient conditions for the Cuntz algebra 
construction to realise a near-group C*-category of type G + nl . On the one hand, 
unlike us, he does not require G to be abelian, and he allows the possibilities of 
an iJ 2 -twist. On the other hand, unlike us, he does not address principal graphs 
of associated subfactors, nor the tube algebra, nor the modular data (simplified or 
otherwise) for the doubles, and he does not construct new solutions of the resulting 
equations and hence does not construct new subfactors. 



2 The near-group systems 
2.1 The numerical invariants 

Let G be a finite abelian group (written additively) with order n = \G\, and as usual 
write G for its irreps. Let M be an infinite factor, p a self-conjugate irreducible 
endomorphism on M with finite statistical dimension d p < oo, and a an outer action 
of G on M. Suppose the following fusion rules hold: 

KP] = [P\ = \fXXg] , (2-1) 

[/] = 0K]®»'H, (2-2) 

9 

for some n' G Z>n. Then the d„ satisfies d 2 = n'd + n so 



n' + Vn' 2 + An 
d p = -.6. (2.3) 

Let C(G,a,p) denote the fusion C*-category generated by a, p. We call these, C*- 
categories of type G + n'. 

Definition 1. By a pairing (g, h) on G we mean a complex-valued function on GxG 
such that for all fixed g G G, both (g, *), (*, g) G G. By a symmetric pairing we mean 
a pairing satisfying (g,h) = (h,g). By a nondegenerate pairing we mean a pairing 
for which the characters (g, *) are distinct for all g. 

Note that a nondegenerate pairing is equivalent to a choice of group isomorphism 
G — > G, g H- 4>gi by 4> g {h) = (g,h). The nondegenerate symmetric pairings for 
G = 7L n are (g,h) = e 2nim 9 h / n f or SO me integer m coprime to n. 

Theorem 1. Let G,a,p be a C* -category of type G + n' . Suppose in addition that 
H 2 (G; T) = 1. Then there are n + n' isometries S g ,T z (g G G, z G J 7 ) satisfying the 
Cuntz relations, such that a g p = p, pa g = Ad(U g ) p, for a unitary representation U g 
of G of the form 

U g = h) S h S* h + J2^, 9 T z T* gz , (2.4) 
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where G permutes the z G T and {g, h) is a pairing on G. Moreover, a g {Sh) = S g+ h 
and a g {T z ) = z(g)T z for some z G G. Finally, 

pS g = I scT 1 y*](g, h) S h + ^ u Xtg a gXtZ T x T z J U* , (2.5) 

\ h x,z / 

p{T z ) = J2W)KAT: + 5>(/>) K !X T x S h S* h + J2 b". wxy T w T x T* , (2.6) 

h,x x,h iv,x,y 

for some sign s G {±1} and complex parameters a VtZ , b ZjX , b' z x , b". w x y , for w, x,y,z G 
T. 

Proof. Our argument follows in part that of the first theorem of [20] . Because \ct g p\ = 
[p], there exists a unitary W g G U(M) for each g G G, satisfying a g p = Ad(W g ) p. 
But 

Ad(W g+h ) p = a h a gP = Ad(a h (W g ) W h ) p (2.7) 

for all g,h G G, so a h (W g )W h = ^(g,h)W g+h for some 2-cocycle ^ G Z 2 (G;T). 
Because H 2 (G; T) = 1, we can require that £ be identically 1, by tensoring W g with 
the appropriate 1-coboundary. Since G is a finite group and a is outer, the a-cocycle 
W g is a coboundary, so there exists a unitary V G U(M) so that W 5 = a g (V*) v for 
all g E G. This means Ad(a fl (V)) « g (p) = Ad(V) p, i.e. a g (Ad(y)p) = Ad(V) p. 
Thus if we replace p by Ad(V) p we obtain a g p = p as endomorphisms, not just as 
sectors. 

This has exhausted most of the freedom in choosing p. The fusion [pa g ] = [p] 
means pa g = Ad{U g ) p for some unitaries U g \ because H 2 (G;T) = 1, we can in 
addition insist that g i— >■ U g defines a unitary representation of G. Note that we still 
have a freedom in replacing U g with ip{g) U g for any character -0 G G. 

The fusion ( 12. 2 p means 

P 2 (x) = J2s 9 a 9 (x)s; + Y,t zP {x)t; , (2.8) 

where S g and {T z } ze jr are bases of isometries for the intertwiner spaces Hom(a 5 ,p 2 ) 
and Hom(p, p 2 ) respectively (so p 2 (x)S g = S g a g (x) etc). Then (I2.8P implies S g ,T z 
obey the Cuntz relations. Since Ad(U g ) p 2 = pa g p = p 2 , Uh maps Hom(a 5 ,p 2 ) to 
itself and Hom(p, p 2 ) to itself, i.e. UhS g = p g {h)S g and UhT z = J2w u Wz,wT w for 
some p, g (h),u(h) ZjW G C. Since Uh+h> — UhUy, we have that p g G G for each g G G, 
and the matrices u define a unitary representation on Hom(p, p 2 ). This gives us 

u g = J2»h(g)s h s* h + J2u(9)z, v t z t; . (2.9) 

h z,y 

Define U' g = po(g) U g . Then pa g = Ad(U' g ) p and U' g is still a unitary representation 
of G. For this reason we may assume that po is identically 1. 
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Similarly, ah maps Hom(a 9 ,p 2 ) to Hom(a 9+ /,, p 2 ) and Hom(p, p 2 ) to itself, as 
cthP = p. This means cth(S g ) = ip g ^S g+ h for some nonzero ip g ^ G C, and defines 
an n'- dimensional unitary G-representation on Hom(p, p 2 ). Because H 2 (G;T) = 1 
we can choose i\) g ^ to be identically 1. Because G is abelian, we can diagonalise the 
n'-dimensional representation, i.e. choose our basis T z so that a g T z = ~z(g)T z for some 
zeG. 

Because p is self-conjugate and So G Hom(id, p 2 ), the isometry So will satisfy 
Sqp(So) = s/5 for a sign s. Hence S*p(So) = a g (SQ*p(So)) = s/5. 

For any T G Hom(p, p 2 ), define the right and left Frobenius maps TZ(T) = 
V6T*p(S ) and C(T) = V6p(T*)S , as in Section 3.2 of @]. Then p 2 (x)TZ{T) = 
T*p i {x)p{So) = T*p{p 2 {x)So) = T*p(S x) = U{T)p{x) and p 2 {x)C{T) = 
p(T* p 2 (x))So = £(T)p(x) so both £, TZ are conjugate-linear on the space Hom(p, p 2 ). 
TZ is surjective: K(K(T)) = 5p(S )*Tp(S ) = 5p(S^pS )T = sT. A similar 
calculation shows that for any T,T',T" G Hom(p,p 2 ), T*p(T')T" G Hom(p,p 2 ): 
(T*p{T')T")p(x) = T* p(T p(x))T" = p 2 (x)T* p{T')T" . 

Since 1 = Y, g S 9 S* g + £ z T Z T 2 *, we find 

p(S ) = S 9 S* g p(So) + T ^>(^o) = ss- 1 Y, s 9 + J2 T * n ^ 

= s5- 1 J2 s h + J2 a *<y T * T y ( 2 - 10 ) 

h z,y 

for some complex numbers a ZtV , and covariance p(S g ) = p(a g (So)) = Ad(U g ) p(So) 
forces fl23|) . 

We can identify the shape of p(T) similarly. Choose some T z G Hom(p, p 2 ); then 
surjectivity of TZ implies there is some T' z G Hom(p, p 2 ) such that T z = 7Z(T Z ). We 
find 

p(t 2 ) = s 9 s; P (t z ) + V5Y,T w T: P (T':)p 2 (So)s g s; + y j t w t: P (t z )t x t: 

9 w >9 w i x 

= Y,S g a g {C(T z T) + J2T w T:a g (C(T z ))a g (S )S; + Y,T w (T:,p(T z )T x )T; 

9 w >9 w > x 

= b*(g, x) s 9 t x + Kfa h) t x s 9 s; + t w (t:p(t z )t x )t: . 



a g p(T z ) = p{T z ) forces b z (h,x) = b Z;X x(h) and b' z (x,h) = b' zx x(h), which gives (12. 6p . 

All that remains is to show that a basis T z of Hom(p, p 2 ) can be found for which 
u(g) in f )2.9p is a generalised permutation matrix. For each G G let 7^, denote 
the (possibly empty) subspace of Hom(p, p 2 ) on which a g acts as 0, so Hom(p, p 2 ) = 
©<^70. Note that a g p(Sh) = p(Sh) implies (among other things) the selection rule: 
u (g)x, y 7^ =>- y = xp 9 for p 9 G G defined by p 9 {k) = Pk(g)- This means there is 
a pairing (g, h) on G such that ph(g) = P 9 {h) = (g,h). Each u(g) defines a linear 
isomorphism from 7^ to T^g^ (with inverse u{— g)). 

Define H to be the set of all h G G such that p — 1; then if is a subgroup of G. 
Choose a set O of orbit representatives of this G-action H- p 9 (f> on G, and a set C of 
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coset representatives for G/H. Note that u restricts to a unitary representation of H 
on each space 7^; for each representative G O choose a basis J 7 ^ of 7^, diagonalising 
this i7-representation. For any if; G G there will be a unique choice of representatives 
0^ G O, fc^ G C such that p k ^(j)^ = ^; let the basis J 7 ,/, on %p be the image under 
u{k^) of the basis for 7^v- Our basis J 7 = {T z } of the intertwiner space Hom(p, p 2 ) 
will be the union of these bases J 7 ^, for the subspaces %p. For any basis vector T x G T 
and g G G, write T x = u(k x )T y for some representative k x £ C and basis vector 
T y G J 7 ^ for G O, and g + k x = h + k' for k' E C and h E H. Then because G 
is abelian we have u{g) xx > = u(g + Z^)^' = u(h) y y8 TxhU ^) Tv . Now write = 
and define g£ to label the basis vector T gx = u{k')T z . Then gx defines a G-action on 
J 7 , and u(h) is diagonal V/i G i7 for this basis, and the matrix entries u(g) x>y equal 
u x, g ^y,gx as desired. to Theorem 1 

Corollary 1. Let G be a finite abelian group with H 2 (G;T) = 1 and choose any 
C* '- category C of type G + n' . Then the sign s, pairing (*, *), and complex numbers 
,y, b z ,x, b' zx , b" z . w x form a complete invariant ofC, up to gauge equivalence and 
automorphism ofG. 

By gauge equivalence we mean equivalence up to a change of basis on Hom(p, p 2 ) 
(in contrast, relative rescaling of the Sh would wreck (I2.10p so isn't allowed). More 
precisely, for each representative G O and ip G H let denote the subspace 
of Hom(p, p 2 ) spanned by T x G J 7 with x(g) = <p(g) for g G G, and u Xj h = i>(h) 
for h G H. Then gauge equivalence amounts to a change-of-basis G U{T<j,^). 
Let P G £/(Hom(p, p 2 )) be the direct sum of ||0|| copies of each P^ and define 
T x W = J2 w P x,wT^ ew . Then a new = P T a old P, b new = p^b old T, b' new = p~ l b' old P, 
K^, y = Y. z ', w ',x',y' b z'fw',x',y' P z',zPw',wP x ',xP y ',y An automorphism of G acts by 
permuting S h M- S 1 ^, T x ^ T^ x where 0x = 0x, (g, h) (->■ (<f>g, 4>h), etc. 

The requirement that i7 2 (G;T) = 1 is made for simplicity; dropping it would 
introduce more possibilities (e.g. U g need only be a projective representation). Recall 
that for an abelian group, H 2 (G; T) = 1 iff G is cyclic. We will see shortly that either 
n' = n — 1 or n' G nZ; when n 1 = n — 1 G must be cyclic and therefore in this case 
the hypothesis H 2 (G; T) = 1 in Theorem 1 etc is redundant and can be dropped. 

Corollary 2. Suppose C is a C* -category of type G + n' forn' > 0. Then p(M) C M 
is a subf actor with index d 2 , whose M-M and N-N systems are both type G + n' , with 
(dual) principal graph consisting ofn vertices attached to a left vertex, n other vertices 
attached to a right vertex, and the left and right vertices attached with n' edges (see 
Figure 2 for an example). This has the intermediate subf actors p(M) C M G C M 
(where the G -action is given by ot g ) and p(M) C p{M)x\G C M (using the G -action 
pagp' 1 ). 
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Figure 2. The principal graph for p^{M) C M 

The subfactor p(M) C M is self-dual because p = p; the principal graphs for 
p(M) C M G match those of p(M)xiG C M because of the basic construction applied 
to p(M) C p(M)y\G C M. At the end of next subsection we compute the principal 
graph of p(M)xiG C M in all cases. 

G acts on M through the a g ; the relation ct g ■ p = p says p(M) C M G . When 
n' = 0, we see p(M) = M G by an index calculation. The index of p(M) C M G is 
1 + n'n~ 1 5. 

Recall the near-group C*-categories listed in the Introduction. For example: 

• The Tambara-Yamagami categories [30J, which are of type G + 0, correspond 
to 5 = y/n, ph(g) = (g, h), and s = ±1. 

• The hypothetical Izumi-Xu family of subfactors (Section 5 of [19]) correspond 
to the parameter choices s = 1, J 7 = G, n' = n, 5 = (n + y/n 2 + 4n)/2, 
t*h(g) = ijh ti) = p h (g), a x , y = V5 5 X: yd(x), u x>g = 1, b ZjX = cVn5 (z,x), 
b' z x = a{z)c^/n (z,x), b" z . w x y = 5 V:WX a(x)b(zx)(z,y) for some complex num- 
bers c,a(x),b(x) where a(z) 2 = (z,z) and (g,h) is a nondegenerate symmetric 
pairing^ on G. We extend this pairing to G through the group isomorphism 
G -> G: (x g ,x h ) := (g,h). 

• The Dtp subfactor (Example 3.2 of PU) has G = Z 2 , T = G \ {1}, ri = 1, 
S = 2, s = 1, p h (g) = p h (g) = 1, u X)9 = (-1) 9 , a X)X = a/2 , b X)X = , 
b' x x — a, b x . x x x = for some complex number a satisfying a 3 = 1 . 

2.2 Generalities 

There is a fundamental bifurcation of the theory of near-group C*-categories: 

Theorem 2. Suppose C is a near-group C* '-category of type G + n' , and suppose 
H 2 (G;T) = 1. Let (*,*),u x ,s,a,b,b',b" be the parameters which Corollary 1 asso- 
ciates to C. 

(a) Either n' — n — 1, or n' = kn for some k G Z>o- 

(b) Suppose n' = n — 1. Then 5 = n, the pairing (g,h) is identically 1, gx = x 
Vi £ J and g G G. The assignment x H- x bijectively identifies J 7 with G\{1} =: G* . 
There is a permutation a of G* such that u x g = (a(x))(g) for all x and g. Finally, 

a x , y = V6-\,. 

(c) Suppose n' = kn for k G Z> . Then the pairing (g, h) is nondegenerate, and for 
any x G J 7 there is a unique g x G G such that g~^x = 1 . Moreover, u Xjg is identically 
1, and a X)V ^ implies xy — 1. 

Proof. Let C = C(G, a, p) be of type G + n' , and let s, ... , b" be its numerical invari- 
ants, and (*,*) its pairing. Define subgroups H, H' of G by H = {h G G \ (h,g) = 
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1 Wg} and H' = {h' eG\ (g, h') = 1 Wg}. Let n" = \H\. Write p 9 (h) = (g, h) = p h (g) 
as before. Note that the orders \H\ and \H'\ must be equal, since the row-rank of the 
matrix (g, h) will equal its column-rank. 

Let us review some observations contained in the proof of Theorem 1. Recall 
the coset representatives k G G and orbit representatives G O introduced in the 
proof of Theorem 1. We saw there that the phases u X) h restricted to h G H forms 
a representation of H, which we'll denote by x. Then we found there the formula 
u x , g = x(g + k x — k') valid for any g G G and x G J 7 , where k x ,k' G C satisfy 
p~ k x G O and g + k x — k' G H . Recall the partition J 7 = UJ 7 ^ where G G,if) G if; 
the G-action x > gx on J 7 , contained in U g , bijectively relates Tx,x to J 7 ^ where 
G O is the unique representative with 0|# = x\h- 

Recall the Cuntz algebra O n>n > generated by S g and the T z . Being an endomor- 
phism of O n>n >, p preserves the Cuntz relations. Firstly, p(S g )* p(Sh) = 6 9j h for g G if 
is equivalent to 

8 9 ,o = n5' 2 5 g+HiH + ^x(g)a~~;a gX:Z . (2.11) 

x,z 

Putting g = gives Yl z \ a x,z\ 2 = <5 _1 for all x. Hitting both sides with if)(g) for any 
ip G if and summing over g G H, ( 12. lift is equivalent to 

1 - nn"5- 2 5^ = rV'n^ , (2.12) 

where denotes the number of x G T with x = ip. The T x S SqT v and S'oS'* 
coefficients of completeness 1 = pS g pS* + ^ z pT z pT* give unitarity of the matrix 
V together with 

S g> o = nS~ 2 S g+H ',H' + ^2 \ bz ' x \ 2 ^(#) • ( 2 - 13 ) 

z,x 

Putting g = into (12~T5|) tells us ^ |6 2jX | 2 = so (I2TT5]) becomes 

1 - ra"r 2 ^ = r x nn (2.14) 

for any G G, where n^, denotes the number of x 6 J with x = 0. 

Now suppose if 7^ 0. Then there exist ^ G if and G G such that ip ^ 1 and 
0U 7^ 1, so (l2TT2|) . (l2TT4j) say 5 = n"rty = raty G Z. Then n = 5 2 - n'S tells us 5 
divides n, but 5 = uh$ > n, so 5 = n. Hence n' — n — 1, so some ri^ must vanish, 
so h\ — 0, so 1 — nn"5~ 2 = so n" = n, i.e. H = G. Since |if'| = |if |, we know if' 
would also equal G. This means (g, h) is identically 1, so gx = x for all g, x. We've 
just proved = 1 — S^i = for all G G; in particular we can (and will) identify 
T with G* via x h-> x, and then the assignment 114 ^ corresponds to a permutation 
a of G*. 

On the other hand, when if = 0, (g, h) will be nondegenerate, and if' also equals 
0. The element g x is then the unique one with p 9x = x. We know from the proof 
of Theorem 1 that the cardinalities and n^g^ must be equal for any G G and 
g G G, and so in this case they all equal rt\ =: k G Z> . Thus n' = J^eG^ = nk. 
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Now, u Xj9 is uniquely denned by its values at g G H, where it is a character, so in 
this case it is identically 1 for all g G G. 

Return to the general case (i.e. arbitrary n'). The equivariance a g p = p yields 
the selection rule: a x<y 7^ implies xy = 1. When n' = n — 1, this means a x>y = 
a'(x)Sy t x for some a'(x) G C. But J2 Z \a x ^ z \ 2 = 5' 1 then implies |a'(x)| 2 = 8~ x , so 
a{x) := a!(x)y/8 G T. QED to Theorem 2 

For the convenience of the next two subsections, let us run through the identities 
which must be satisfied by the numerical invariants s,a,b,b' ,b" , in order that they 
define a near-group C*-category of type n' . Let H = G respectively 0, and K = 
respectively G, for n' — n — 1 and n\n' respectively. Then we know from Theorem 2 
that (*,*) is symmetric and nondegenerate on K. Write u Xi9 = x(g), where x, G G 

equals 1 on K. Assume that a x >y = a x 5 ytX for some order-2 permutation i4i 
of J 7 (we already know this when n' = n — 1, and will prove it in subsection 2.3 when 
n divides n'). 

Define endomorphisms p,a g ,U g on the Cuntz algebra O ntn r, as in Theorem 1. 
It is immediate that a g defines a well-defined G- action on O n y, and U g a unitary 
representation of G. In order for p to be a well-defined endomorphism on O n , n ', we 
need it to preserve the Cuntz relations S*Sh = bgjn S*T Z = = T*S g , T*T z i = 5 z ^ z i 
and E g S g S* g + E Z T Z T* Z = 1. (pS g )*(pS h ) = 5 g , h reduces to (EH)). { P S g Y{pT z ) = 
(or its adjoint) is equivalent to 

- sn8Qj^b ZtW = V5^2x(g)ag^b'^ Ww , (2.15) 

X 

while the relation (pT z )*(pT z >) = 5 ZZ > (^ S h S* h + Y. T xT x ) gives 

5 z ,Ay,y' = n6 y,y> Ky b z>,y> + Yl b %,*,y b "'; W ,x, y > ( 2 - 16 ) 

w,x 

and the unitarity of b': J2 x b 'z,x b 'z',x = &z,z'- Finally, completeness 1 = ^ pS g pS* + 
Y^ z pT z pT* is equivalent to (12.131) (with H' = H), unitarity of b', and 

-5~ 3/2 a z Y x(g) 5 gXiZ n h (g) = ^ v( h ) b w,y K;x,z, y , ( 2 - 17 ) 

9 w,y 

S x ,x'Sz,z> = r 1 a z 07^i(^) 5 gXtZ x'(g) 8 gx ,^ + ^ b 'w;x,z,y K;x',z',y • ( 2 ' 18 ) 
9 w,y 

To establish a g p(x) = p(x) and p(a g (x)) = AdU g (p(x)) for all x, it suffices to 
prove both for x = Sh and x = T z . The first follows from the bilinearity of (g, h), 
that gx = p, 9 x, and that x = x. The second follows from the factorisations of b z (g, x) 
and b' z (x,g) given in Theorem 1, and the selection rule 6J ^ y = wx. 
The identity p(a g S h ) = U g p(S h )U* is built into (J23)» . while p(a g T z ) = U g p(T z )U* is 
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implied by the covariances 

b z ,gx = z{g) x(g) b Z)X , (2.19) 
K, gx = z(g)W)K, x , (2-20) 

K- gw ,x,gy = Z(9) ™(flO Vid) K;w,x,y ■ ( 2 -21) 

All that remains is to consider are the fusion rules. We require S g to be in the 
intertwiner space Hom(a J , p 2 ). We will follow as much as we can the proof of Lemma 
5.1(a) in [TH]. Thanks to Lemma 2.2 in [IS], S g G Hom(a g ,p 2 ) iff S*p 2 (x)S g = a g x 
for all generators x. Hitting with a we see that this is true iff SqP 2 (x)S = x for all 
generators x. Because Sqp(U 9 ) = S*, the calculation in the middle of p. 625 of [19] 
still goes through and SQp 2 (Sh)So = Sh will follow once we know it for h — 0. So we 
have learned that S g G Hom(a 5 ,p 2 ) iff both SqP 2 (So)So = So and SqP 2 (T z )So = T z 
for all z. Those two identities are equivalent to 

nVr* = J2 a -KwK >w , (2.22) 

w,x 

$z,w = sn5~ x 22 bz,x b x , w + n<T 3/2 ^ b' zx b XtW a w 

X X 

+ b z;x',x,ybx',y'b".y, !WtZ ,b y y , (2.23) 

x,y,x',y',z' 

respectively, where we use (I2.45[) to simplify ( I2.23p . 

Clearly, if T z is in the intertwiner space Hom(p, p 2 ), then p(y*p(x))T z = 
p(y*)T z p(x) for all generators x,y. Conversely, if p(y*p(x))T z = p(y*)T z p(x) for 
all generators x, y, then the calculation 

p\x)t z = J>(s g s;)p 2 (*)T z + J2p( t w K)p\x)t z 

g w 

E P(S g )p(S;)T z p(x) + p(T w )p(T:)T z p(x) = T z p(x) 

g w 

shows that T*p 2 (x)T z = p(x) for all generators x, and Lemma 2.2 of [IHj then would 
imply T z G Hom(p, p 2 ). We compute 

T* wP {u g ) = Y, v wxyz {g)T x T;T; + Y w why { g )s h s* h T; + Yx wzh (g)T z s* h , 

x,y, Z h,y h, Z 

where 

V„{g) = 5~ l a x ay- ^(fc, g) w(k) z(k) 6 kw>w S kz>v + ^ z'{g) b" zl . wxy , b" gz , zyy , , 

k z' ,y' 

W why (g) =f(hjw(h) E%)6' z 

,w b gZ ,y > 

Z 

X wzh (g) = 5~ 3/2 a z Y( k >9- h) 5 kW)Z w{k) + ^ x(g) b'^. w z y y(h) b gx , y . 

k x,y 
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The identity p(S* h p(S g ))T w = p(Sl)T w p(S g ) gives 

(g, h) W wky {g) = s5 {g,k)^ j z{g)aj^;a gZjh y , (2.24) 



s(g, h)V wxyz >(g) = 5 w>gz > 5 y . gx z(h) hw(g) x(g)w(h) a ^ h _ g)w a hw , 

X wzh {g) = 0. 

Using 0^26]), the identity p(T* x p(S g ))T w = p(T*)T w p(S g ) gives 

w(k) (g, k-h) b> xw = sV6 a gx x{g) ^ h*,y v( k ) W why (g) 



K,w w ( h ) (h, g) z{g) 5y,gz = sVS x(g) ^ a a* hz,x> x'(h) V wzyx >(g) 

x' 

s (s> h ) K w w u>> ax ' = ^ a 9 x £ b m^y,y w why(g) 



s 5 y,gy' V'id) ^. w ^ w , x '(9) &x> = x(g) a gx ^ b'-L. w ,^ z , V wy , yz \g) . 



p{S*p{T z ))T x = p{S*)T xP {T z ) and p{T* x p{T z ))T w = p{T;)T w p{T z ) now simplify to 



^ b 'w,x = x(g) a gx b[ 



^ J2 bz > x ' b x';x,w,y = y(9) X(g) dgx K 

x> 

K,w bz, y - <^ 3/2 ay- b' ZtX ^2 x(k) w(k) 5 ky , w = ^ b 'Uw>,z' bw,x< b" z , 



z,—gx ' 



gx,gy,w > 



w,y,x' 



Eh' h" h' y — h" 

y',z u y';x,w',x' u w',y u x',w ~ u x 

y' ,w',x' 

J2 b x;w,y',x' K;y',y,z> ~ ^ % b' z>x %( h ) X ' ( h ) ™{ h ) Ky^ 6 hz>,l 



w,z,y i 



2.25) 
2.26) 



2.27) 
2.28) 
2.29) 
2.30) 



2.31) 
2.32) 
2.33) 
2.34) 



~~ ^2 b Z\X,w',w" b w l ]x ' t y ty l ^« . w ^1 y l , (2.35) 

w' ,y f ,w" 

where (12.331) was simplified using the selection rules a kw ^ y ^ =>- pkwy = 1 and 
b" z ,. wyx , 7^ =>• x' = wy, both obtained earlier. ( I2.34[) was simplified using unitarity 
of V and the selection rule for b" . 

Let M be the weak closure of the Cuntz algebra O n y in the GNS representation 
of a KMS state (as in [17], Remark 4.8). Then the endomorphisms a g and p extend 
to M and obey the same fusions as sectors. Note that the a g are outer because if 
they were implemented by a unitary, it would have to commute with p since a g p = p, 
but as p is irreducible only the scalar s can commute with it. 

We have proved: 
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Proposition 1. Fix an abelian group G = H x K , where H = G or H = 0, and 

a symmetric pairing {g, h) nondegenerate on K . Let a x y = y/5 a x 5y :X for some 
permutation x ^-x of the index set J 7 with x = x and x = x, and suppose b" obeys 
the selection rule b" z . wxy ^ y = wx. Suppose the quantities s, a, b, b', b" satisfy 
the equations (12. lip , unitarity of b' , (12.131) . ( 12 . 1 5 [) - (1 2 . 3 5 j) . Then a g ,p defined as in 
Theorem 1 yield a near-group C* -category of type G + n' for n' = \\J-\\ ■ 

We can now identify the principal graph of the subfactor p(M)xiG C M of index 
d 2 p /n = 1 + n'n~ x d p , introduced at the end of Section 2.1. Write the inclusions as 
i : p(M) C p(M)y\G and j : p(M)xiG ->■ M. Then as M-M sectors the canonical 
endomorphism jj is a subsector of the canonical endomorphism juj = p 2 , i.e. of 
S 5 [ a g] + n '[p]i which contains [ocq]. 

Consider first n' — n — 1; then d p = n is the desired index, so the only possibility 
for [jj] is ^gt^g]- We see that the principal graph matches that of the orbifold 
M C M. This means this subfactor is isomorphic to M G C M, up to a 3-cocycle. 
Could this 3-cocycle be related to the 3-cocycle appearing at the end of Subsection 
4.2? 

Now consider n' a multiple of n. When n' = there is nothing to say: the 
subfactor has index 1 so is trivial. When n' > 0, there is only one possibility for [jj], 
namely [a + 0] + n'n _1 [p]. We recover the graph as in Figure 3, i.e. the 2 n l graph 
but with the n valence-2 vertices attached to the central vertex with n'n~ l edges. 
This generalises the paragraph concluding Section 5 of [19] , which in the G + n case 
considered there associates a subfactor M D p(M)y\G with canonical endomorphism 
[a ] © [p], index 5 + 1 and principal graph 2 n l. 




Figure 3. Principal graph for the intermediate subfactor for type Z 3 + 6 

2.3 First class: Near-group categories with n' = n — 1 

Theorem 2 says that there are two classes of near-group C*-categories: n' — n — 1 and 
n' G nL. In this subsection we focus on the former, and identify a complete set of 
relations satisfied by the numerical invariants s, b" of Corollary 1. We know from 
Corollary 2 that these systems are always realised by the even part of a subfactor. 

Theorem 3(a) Let G be an abelian group of order n. Put 5 = n and J 7 = G* := 
G\ {1}. Let a be a permutation of G* satisfying 

cr(a) = o" _1 a , a 3 = id , and a(aa ab) = a 2 a a(ba) , (2.36) 
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for all a ^ b E G. Put x = x, u x>g = (ax)(g), a XiV = y/n 8 VjX a{x), b x>y = 
Vn~ 8 ViWx b{x), b' xy = s5y >a 2 x b(x)a(x), and b' z . wxy = S ZtawWy 5 ytWX b"(w,x) for quan- 
tities a(x) E {l,s}, b(x),b"(x,y) E T (provided xy ^ 1). Suppose these parameters 
satisfy a(x) = a(ax) = sa(x), b(Wx) = sb(x), b(x) b(ax) b(a 2 x) = sa(x) and 

b"(x,y) = sa(y)a(a(xy)ax)b"(xy,y) \/xy^l, (2.37) 

b"(x, y) = s a(x) b{ax a[xy)) b"(x, xy) \/xy ^ 1 , (2.38) 

b"(x, y) = s b(x) b(y) b(xy) b{a 2 x ay) b"(a 2 x, ay) Wxy ^ 1 , (2.39) 

b"(awax, ax a(xy)) b"(x, y) b"(w, xw) = b"(w, xyw) b"(xw, y) , (2.40) 

where the last equation requires w ^ xy, xy ^ 1, and w ^ x. Then a g , U g , and p 
defined as in Theorem 1 constitute a near-group C* -category of type G + (n — 1). 

3(b) Conversely, let C be a near-group C* -category of type G + (n — 1), and assume 
H 2 (G; T) = 1. Then C is C* -tensor equivalent to one in part 3(a). 

Proof. We'll prove part (b) first. Theorem 2(b) tells us 5 = n, we can identify T 
with G* through x i— > x, a XtV = \fri a(x) S VjX , and there is a permutation a of G* 
obtaining u x>g as (ax)(g). 

Recall the Cuntz algebra O n>n i generated by the S g and T z . Select representatives 
z G TZ of each Z 2 -orbit {z,z} in T\ then by rescaling the T z appropriately we can fix 
the values of a ZiZ to be 1 for z G TZ. Now, if T w is in the intertwiner space Hom(p, p 2 ), 
then p(y*p(x))T w = p(y*)T w p(x) for all generators x,y. In particular, the T y SkSl 
coefficient of p(Slp(S g ))T w = p(SfyT w p(S g ) reads 

SfT 1 %) K,w b 'gz, y = ™(h)y(h) z{g) aj^a gz , hy . (2.41) 

z z 

Putting g = h = in (I2.53P gives a^a x = s, and hence a z = s for all z G TZ. 

We get selection rules for b, b', b" through the equivariance a g p = p and the identity 
p(a g T z ) = U g p(T z )U*, namely: b" z . wxy ^ implies y = wx and z = away; b ZjX ^ 
implies zax = 1; and b' zx ^ implies z = a(x). Therefore we can write b x>y = 

\/n~ 6 yjWx b(x), b' xy = S VtCrx b'(x), and b" z . wxy = 5 z , awWy S y>wx b"(w, x) for quantities 
b(x), b'(x), b"(w, x) G C. Note that b"(w, x) = when wx = 1 because 1 is a forbidden 
value for y = wx. (12.131) forces b x G T. g — h — in (12.531) forces unitarity of the 
matrix V . The S S Sq coefficient of the identity p(T* p(S ))T w = p{T*)T w p(So) (again 
coming from T w G Hom(p, p 2 )) gives b'(x) = sa(x)b(x). The T x T y T*,T*, coefficient of 
1 = J2 g pSg pSg + J2 W P T w pT* collapses now to 

8 x , x >Sy t y> = 5 V)X 5 yl x 7 5 X)X i + b"(x, y) b"(x',y') ^ S w ^ xWy S z>xy 6 w axl -^r 8 ZtX > y > . (2.42) 

w,z 

Choose any x,y G G* with xy ^ 1; we claim that the only solution x',y' G G* with 
xy = x'y' and ax ay = ax' ay' is x = x' and y = y'\ otherwise (12. 42ft would force 
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b"{x, y) b"(x', y') = 0, which contradicts (I2.42p with x = x' and y = y'. Thus each 
b"(x,y) G T (provided xy ^ 1). 

The S Sq respectively T y T* coefficients of p(S*p(T z ))T x = p(S*)T x p(T z ), to- 
gether with b' = s5ab, gives a 2 z = az and b(z)b(z)b(az) = a(z)a(az)a(a 2 z) , re- 
spectively a(aaab) = a 2 aa{ba) and (]2.38p . Taking a of the complex conjugate of 
a(aaab) = a 2 aa(ba), we obtain a 3 = 1; iterating ( 12. 38ft twice gives b(y) = sb(ay). 
The T v T z iSqSq coefficient of p(T*p(So))T w = p(T*)T w p(So) recovers ( I2.37p . The 
TySoSZ and T y T z ,S S£ coefficients of p{T*p{T z ))T w = p(T*)T w p(T z ) give (T2T39|) and 

Now that we know a has order dividing 3, we know we can choose the Z 2 -orbit 
representatives 1Z so that a z is constant on a-orbits. Indeed, if a % x = x for some i 
and x, then a~ l x = a~ % x and s must equal 1, so there is nothing to do; when there 
is no such i, x, there is no obstruction to putting all of x, ax, a 2 x in 1Z. 

Conversely, suppose s, a(x), b(x), b"(x, y), and a are as in Theorem 3(a). We need 
to verify the conditions of Proposition 1 are satisfied. For this purpose note that: 
(i) ^2 x x(g) = n5 g fi — 1 since x runs over G*; (ii) that given a pair w,x G G*, there 
will be y, z G G* with b" w ^ (namely y = wx and z = away) iff x ^ W; and 

(iii) that given a pair y, z G G*, there will be w,x G G* with b" z . w x y ^ (namely 
w = a 2 ((ay)z) and x = yw) iff z ^ ay. 

The permutation in Proposition 1 is the usual complex-conjugation x of 
characters. One easily computes W w h y (g) = 6 w , y (a 2 w)(g) and V wxyz (g) = 
8w,z5x,y(& 2 w)(g) (ax)(g). In the last term of (I2.23p . x,y,y',z' are determined from 
x', z,w, and is nonzero precisely when z = w ^ x' . That the second term in X wz h(g) 
vanishes, follows because a 2 {w) a(z) = wz implies wz = 1; this can be seen directly 
from ( I2.36P but is trivial once we have Proposition 2 below. Both ( I2.57p .( l2.30p fol- 
low from ( 12~37D . fl2~48]) comes from (E3H]),_and both ( I2~33l) .( l2~34jl follow from ( l2~39l) . 
( T2~35|) follows from d2~40|) and (when y = a 7 ) ( l2~37p .( r2~38|) . to Theorem 3 

When such a permutation a exists, we get a solution by taking s = 1, a(x) = 
b(x) = b"(x,y) = 1. This solution corresponds to Mod(Affi(F g )), as we explain at 
the end of Subsection 4.3. It is possible to classify all solutions a to (I2.36P — they 
are essentially unique when they exist. The key observation in the following proof 
(the relation to finite fields) is due to Siehler [29]. (Incidentally, an implicit unwritten 
hypothesis throughout [29] is that G is abelian.) 

Proposition 2. Let G be a finite abelian group which possesses a solution a to (I2.36p . 
Then G = 1j q -\ for some prime power q = p k . Moreover, if a' is any other solution 
to (I2.36P . then a' = aaa~ x for some group automorphism a G Aut(G). Conversely, 
any G = 1i q -i for q = p k has exactly |Aut(G)| = <j)(q — 1) solutions a to (12.361) . 

Proof. Suppose G has a solution a. For convenience in the following proof, write 
G multiplicatively. Then [29] explains how to give G U {0} the structure of a field 
F: the multiplicative structure of F is the multiplication in G, supplemented by 
Ox = xO = 0; let —1 be the unique element in G of order gcd(2, 1 + \G\) and write 
— x = —Ix; addition in F is defined by x + y = (a(— x~ l y))~ 1 x when x,y G G and 
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x ^ —y, supplemented byO + x = x + = x and x + (—x) = 0. This means G is 
the multiplicative group of the finite field F, and thus is isomorphic to Z g _i for some 
power q of a prime. 

Call this field F CT . Suppose there is a second solution a'. Let a be the field 
isomorphism F CT —> F CT /. Then a restricts to a group isomorphism from F* = G to 
F*, = G, i.e. a G Aut(G). Conversely, given any solution a to (12.361) and a e Aut(G), 
we get a new additive structure on ¥ a given by x +' y = ((aaa~ 1 )(—x~ 1 y))~ 1 x etc, 
corresponding to a solution aaa" 1 to ( I2.36p . This is a bijectiion, since a can be 
recovered from a' = aaa~ l . 

Conversely, any G = with q a power of a prime, can be regarded as the 

multiplicative group F x of a finite field with q elements (so 6 G corresponds to 
1 G F x ). Then a(x) = (1 — x)^ 1 works. QED to Proposition 2 

Corollary 3. Consider any equivalence class of C* -categories of type G + n — 1. 
Fix any finite field F n+1 , identify G = F* +1 and define a'x = 1/(1 — x). Fix any 
assignment of signs a'(x) G {1, s} such that a'(x) = a' {ax) = sa'(x). There is a set C 
of functions f : G* x G* — > Z } defined in the proof below, such that any C* -category 
is equivalent to one with: 

• a(x) = a'(x) and ax = a'x for all x; 

• b(x) = sa(x) for all x ^ — 1; in addition, b(—l) = sa(— 1) unless n + 1 is a 
power of 3 in which case b(— 1) must be a third root of unity uj; 

• Y\^ y) b'\x,y)f^ = 1 for all f e C. 

Conversely, any two C* -categories with numerical invariants satisfying these con- 
straints, and with identical b(x) and b"(x,y), will be equivalent. Finally, s = 1 unless 
n + 1 = q is a power of 2. 

Proof. Note that gauge equivalence by a diagonal matrix P with entries in T, permits 
us to change a(x) new = P x P- T a(x) old , b new (x) = P x P WT b old (x), and b" new {w,x) = 
P aw a ( wx } P w P x Pwxb" old (w , x). First note that, for any given x, we can change both 
signs a(x) and a(x) (and leave all other a(y) unchanged) by taking P x = P x = i 
and all other P y — 1. Now choose any x with ax ^ x. Without loss of generality 
assume both x ^ — 1 and a 2 (x) ^ —1. Then x ^ x and a 2 x ^ a 2 x, so take 
P x = sa(x)b old (x) = P~ Xl P ax = \ = Pgz, P a2x = sa(x)b old (ax) = P= and all other 
P y = 1. This gives b new (x) = sa(x) = b new (ax). Then b(x)b(ax)b(a 2 x) = sa(x) forces 
b(a 2 x) = sa(x), and b(ay) = sb(y) forces b(a l x) = a(x) = a(x). 

— 1 £ G* precisely when G has even order, i.e. precisely when F n+1 has odd 
characteristic. In this case, a(— 1) = sa(—l) = sa(— 1) so s = +1. This forces all 
a(x) = 1, and by the previous paragraph we know b(x) = 1 unless ax = x. When 
ax = x, the relation b(x)b(ax)b(a 2 x) = sa(x) says b(x) will be a third root of 1. 

Thanks to Proposition 2, we can find a finite field ¥ q with G = F x = Z n for which 
ax = 1/(1 — x). Suppose ax = x. Then x 2 — x + 1 = in ¥ q , so x 3 = —1. If 3 does 
not divide n, the only solution to x 3 = — 1 is x = — 1, but a(— 1) = —1 iff g is a power 
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of 3, i.e. n = 2 (mod 3). When 3 divides n, there are thus exactly 2 fixed-points 

of a. Let / be one of these. Then we calculate b"(f, f) = b"(f, f) from (I2.37p . and 

b"(f, /) = b(f)b"(fj) from (1233), so 6(7) = &(/) = 1- 

By Corollary 1, two C*-categories are equivalent, if they have identical numerical 
invariants s, a, 6, b', b" modulo gauge equivalence and automorphism of G. Fixing a 
fixes the automorphism of G. Suppose we also fix a and b. The remaining gauge 
freedom are the quantities P z = P az = P^ G T. Note that z — a l z iff c - ^^) = — 1 
(the only order-2 element in F*). Together, a and complex-conjugation form a group 

isomorphic to S3; the even- length orbits in G* are precisely those which don't contain 
— 1. Let I be the number of even- length orbits; the point is that for each of these, the 
gauge phase P z G T is arbitrary. Associate to each pair (x,y) G G* x G*, xy 7^ 1, a 
vector v(x,y) G Z e such that the gauge action is b"(x,y) H- b"(x,y) Y[ z Pz ^' . The 
Z-span of these v(x, y) is a lattice (of dimension < £), and thus will have a Z-basis; L 
consists of those linear combinations £\ \ /(x, y)v(x, y), f(x, y) G Z, corresponding 
to such a basis. QED to Corollary 3 

We will show in Proposition 5 below that s = a = b = b' = b" = 1 except for 
n = 1, 2, 3, 7. One can see from the data in Subsection 3.4 that for all n < 32, the 
basis defining C consists of exactly I of the v(x, y). 

Let C(b, b") denote the equivalence class corresponding to the constraints of Corol- 
lary 3 (we suppress the choice of field F and subset £, though these are implicit). 
Note that there is an obvious product structure on the collection of equivalence 
classes of type G + n — 1 C*-categories: C(bi,b±) * Cib^.b'!^ = C {b\ 62, b'lb'^) where 
(6162) (^) — bi(x)b2(x) and {b'lb'^x^y) = b'l(x,y)b2(x,y). (Of course s = S1S2, 
a(x) = a\{x)a2{x) and b'{x) = b^^b^x)) . Then s,a,b,b',b" will obviously also 
satisfy the conditions of Theorem 3(a) and Corollary 3, and thus uniquely deter- 
mine an equivalence class of type G + n — 1 C*-categories. Likewise, the identity 
is s = a = b = b' — b" = 1, and the inverse is complex-conjugation. We find this 
abelian group structure very useful in Section 4.2 (though we will find in Section 3.4 
that this group is usually trivial!). 

In any case, this group of equivalence classes should be closely related to the set 
if 2 ((Zp, Z p k_ 1 ); T)/~ defined in Chapter III of [22], as suggested by their Theorem 
IX. 8 (see also [IS]). Those equivalence classes parametrise deformations of Kac al- 
gebras (equivalently, depth-2 subfactors) possessing what we would call near-group 
fusions of type Z p k_ x + p k — 2. We return to this briefly in Section 4.2. 

Note that in all cases in Corollary 3, b(crx) = b(x) = sb(x). In the following we fix 
a finite field F g , identify the labels x E G* with the entries of ¥ q \ {0, 1}, and choose 
ax = (1 — x)" 1 , so that (when ¥ q has odd characteristic, i.e. n is even) er(— 1) = 1/2 
and o~(2) = —1. Note from the proof that a will have exactly 0,1,2 fixed-points 
respectively, for n = 1, 2, (mod 3). 

By Corollary 2, the principal graph for p(M) C M when n = 2 is D£\ the 
McKay graph for binary S3. This suggests an alternate construction of the subfactor 
p(M) C M, at least when b = b" = 1. Construct a central extension BAffi(F 9 ) of 
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Affi(Fg) by Z2 — it will have precisely 2 n- dimensional irreps (one of which, denoted 
p', is faithful) and 2n 1-dimensional irreps, and its McKay graph (which consists of 
a node for each irrep and m edges connecting node i and j if k is the multiplicity of 
irrep j in the tensor product of irrep i with p') is the desired principal graph. The 
irreps of BAffi(F g ) are separated into even and odd ones, depending on whether or 
not the centre is in the kernel; the even vertices are precisely the irreps of Affi(F g ). 
To construct the subfactor, start with the index-n 2 subfactor 

CI ® M nxn ® M nxn ® ■ ■ ■ C M nxn <g> M nxn ® M nxn ® ■ ■ ■ , (2.43) 

identifying BAffi(F 9 ) with its image K C M nxn using the faithful irrep p', and then 
take fixed-points: 

CI s M£ B ® M^ n ® • • - c M* XB ® Mf xn ® Mf xn ® ■ ■ • . (2.44) 

The principal graph is constructed as in [11] ; for this purpose it is important that p' 
is self-conjugate, as explained in [52"] . 

2.4 The remaining class: n' a multiple of n 

In this section we identify a complete set of relations satisfied by the numerical 
invariants s, b" of Corollary 1, for the remaining class of near-group C*-categories, 
namely where the fusion coefficient multiplicity n' is a multiple of the order n of the 
abelian group G. Corollary 2 tells us that when n' is a positive multiple of n, the 
system will be realised by the even parts of a subfactor. There seems no reason to 
expect all solutions with n' — to arise from subfactors. 

The main result in Theorem 4 is part (b). As usual, we identify the basis {T z } = T 
of Hom(p, p 2 ) found in Theorem 1, with the set of labels {z}. For a given symmetric 
pairing (, ) for G, fix a function eg : G — >■ T satisfying €{,)(—g) = %)(g) an d £(,}(# + 
h) = (g,h)e( s )(g)eQ(h). An immediate consequence is that e{,}(5') 2 = (g,g)- For 
example, if n = \G\ is odd, the unique such function is £{,)(g) = (g, g)^ 1 ^ 2 , while if 
G = 1>2k and (g, h) = exp(rmrigh/k) one of the two is £(,)(#) = exp(— mm g 2 / (2k)) . 

Theorem 4(a) Let G be a finite abelian group. Let (k, k') = (k', k) G T be a 
nondegenerate symmetric pairing on G. For each ip E G let J-'f be a (possibly empty) 
parameter set and define J 7 ^ = J-f for all 0, ip G G; then J 7 is the set of all triples 

x = (x,x,x) where x, x G G,x G T~. Let n' = W^W = n^^W^fW and define 5 by 
(12. 3p . Let S g ,T z be standard Cuntz generators, for g G G and z G T . Define a g and 
U g as in Theorem 1, where u Xj9 = 1 and gx = (p 9 x, p~ 9 x,x) for p 9 (k) = (g, k). Define 

p{S g ) and p{T z ) by (j2.5pj|2.6p where a XiV = V5 l a x 5 y ^ and b' xy = sy/6a^bx iy , for 
dx = s x x(g x ) 6(\(<7 X ) ; where g x G G is as in Theorem 2(c), for some signs s x G {1, s} 
and some permutation x x of T as in Proposition 1. Then C(G,a,p) is a C*- 
category of type G + n' , provided the following equations are satisfied: s gx = s x , 
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s x ss X! x x, by x sb xy , 

b z , 9 x = z(g) b z , x ; (2.45) 

Z(9) b z;gw,x,gy = b z;w,x,y = ™{q) e Q (flO b -gz;gw,-gx,y I ( 2 - 46 ) 

$ E Kv Kv = S *,z = S E b 'x,y b 'y,w b 'w,z ! (2-47) 
y y,w 

1 VI 



r— i ill 

z;w',x',y 



s\/5 a w / b zw b" —r = 5 1 a,/ a 2 6" , 

w L 1 ' w;w',y,x' x z z;y,x',w' 

w 

= E/ ^y> w bw '-> x K';x,z,w i (2- 

n_1 E = " r 1 = E C ; ( 2 - 49 ) 

E = S z,z'S x ,x' ~ nS^S-jp 5 Z , X 8 z , tX , ; (2.50) 

w,y 

E ^^j/.z.x K;y,z',x> = S x,x'S z ,z' ~ 8~ l O~g x x,g z z Sg xX ',g z z' ] (2.51) 
w,y 

E K;w,y',x> b z;yi,y,z> ~ ^K^x a x' 8 y ^a^5 z > jVj 

y' 

= ^y,x' b z;x,w',w" b w';x',y,y' b w";w,z',y' i (2.52) 



as we// as £/ie selection rules b x , y ^ ^ xy = xy, and b" z . w x y ^ =^ y — w x. 

(b) Conversely, let C be a C* -category of type G + n 1 for n' G nZ and suppose 
H 2 (G;T) = 1. T/ien t/iere exist quantities (*,*),s,a,b,b',b" satisfying the above 
equations and relations, such that the corresponding C(G, a, p) is tensor-equivalent to 
C. 

Proof. We will prove part (b) first. Recall the Cuntz algebra O n>n i generated by the 
isometries S g and T z . The desired selection rule for b" follows from the equivariance 
a g p = p. The identity p(a g T z ) = U g p{T z )U* implies the covariances for b,b',b", 
namely the left-sides of (g35) and ( g3SD , along with b' zgx = z(g)b' zx .The S S;- 
coefficient of the Cuntz relation 8 ZtZ i = pT* pT z i forces the unitarity of b'. 

The TySkSl coefficient of the identity p(Slp(S g ))T w = p(Sl)T w p(S g ) (which holds 
because T w lies in the intertwiner space Hom(p, p 2 )) reads 

{g,h}s5- 1 ^2b' zw b' gzy = ^2m^a gz , h y (2.53) 

z z 

Putting g = h = in (12. 53ft gives ^ a XjV a VtZ = s5~ 1 5 XtZ . Applying the triangle 
inequality to this, and comparing with J2 y \ a x,y\ 2 — <5 _1 , yields a VtX = sa XyV . 

For each G G, recall the subspace consisting of all T G Hom(p, p 2 ) with 
ot g {T) = 4>{g)T Wg G G. Using the gauge freedom discussed after Corollary 1, we 
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can now simplify the form of a. We need this unitary change-of-basis P to commute 
with each U(g), i.e. to satisfy PiJ 7 ^) = and Pk x ,k y = P x ,y f° r ah k G G. For 
any g G G define A(g) Xjy = 5 a x ,gz~Oy~z- Then (I2.53P tells us for any g,k G G the 
covariance A(g) x y = (g, k) A(g)k x ,ky and the selection rule A(g) XyV = unless both 
y = n g x. The latter tells us each A(g) is a map from to T^^,. We verify that 
A(0) = I, A(g) A(k) = A(g + k) and A(-g) = A(g)* so g ^ A(g) defines a unitary 
representation of G. Moreover, covariance yields A(g)Uk = (g,k)UkA(g). Hence the 
set of unitary operators A(g)U- g for all g G G commute and so can be simultaneously 
diagonalised; choose P so that all A(g)U- g are diagonal on T\, and P is defined 
on arbitrary J 7 ^ by requiring P kx ,ky = P x , y - This means A(g) x>y = e x (g)5 y , gx for all 
x,y G J 7 , for some e x (g) G T. Hence the properties of A reduce to 6j. x (g) = (g, k)e x (g) 
and e x (g)e gx (h) = e x (g + h). We see that if) x := € x €q lies in G. The triangle 
inequality applied to A(g) Xigx , together with S^2 Z \a xz \ 2 = 1, gives us the covariance 
a gx,- gy = £ x {g) o, x ,y We need to refine this P further. 

Define an equivalence relation on J 7 by x ~ x' iff there exists a sequence x = 
x , Xi, . . . , x m = x' and yi, . . . , y m in T such that the entries a Xi _ 1>yi and a Xim are 
nonzero for all 1 < % < m. Let X x denote the equivalence class containing x and write 
% for span we x 7 .{T w }. Then whenever a x ^ y ^ 0, a restricts to the indecomposable 
blocks Tx — > 7y, where it is unitary. An induction argument (the base step of which 
was done in the previous paragraph) verifies that any w G X x has w = x. Moreover, 
the invertibility of a says a x , y ^ implies the cardinalities — ll^yll are equal. 

Choose any x G JF\, and suppose a X)V ^ 0. Consider first the case where X x and 
X y are disjoint, and fix some bijection it : X y — > X x . Define a unitary u on 

T X ~t~ Ty 

to be the identity on % and to be a\f a on on T y , and replace a on % + T y with 
u T au. Otherwise we have the case X x — X y , so we can make use of some facts from 
linear algebra (see section 4.4 of [IB]) which say that: (i) when a complex matrix 
B is both symmetric and normal, then there exists a real orthogonal matrix Q and 
a diagonal matrix D such that B = QDQ T ; (ii) when a complex matrix B is both 
skew-symmetric and normal, then there exists a real orthogonal matrix Q such that 

Q T BQ = © • • • © © 0j ^ for Zj G C x . Our matrix B here (namely 

a|"7i) is in fact unitary, so both the Zj and the diagonal entries of D lie in T and 
we can adjust Q by the square-roots of those numbers and maintain unitarity. The 
result is a matrix a in the form described in the statement of Theorem 4, where we 
write 7tx = x and x(g) = ip x (g), and decompose each T$ into ffi^^ where x — ip for 
x G J^*. This means we write x G J 7 as a triple (x, x, x) where x G J 7 ! ; then for any 

<7, x, 6-5 (^) = x(g)eQ(g) and g(x,x,x) = (/i 9 x, /i~ 9 x, x) as desired. 
Because G Hom(«/ i ,p 2 ), we have 

s; P 2 (s )s g = s g = s* P 2 (s g )s = s* P (u gP (s )u;)s = (p(u g ys y P 2 (s )( P (u g ys ) . 

But the intertwiner space Hom(a 9 ,p 2 ) is one-dimensional, and thus 

(3(g) S* g = S*p(U g ) (2.54) 
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for some scalars /3(g) with \j3(g)\ = 1. Because p{U g+ h) = p(U g ) p(£4), we have from 
( I2.54p and a^-covariance that /3 G G. The S^-coefficient of (12.541) reads 

P(g) $g,h = <Wh + bz ' x W *( h ) ■ ( 2 - 55 ) 

x,z 

The triangle inequality applied to (I2.55P with g = h forces (3 = 1= p 9 p g on G (i.e. 
the pairing (*, *) is symmetric). 

Putting g = h = in (12.271) gives b' z w = s5cb z ~b z r >w . Hence the unitarity of b' implies 
the left-side of flMZD - p(S*p(T z ))T x = p(S* g )T x p(T z ) holds because T x G Hom(p,p 2 ); 
its S Sq and T y T^ coefficients, together with b' = s5ab, gives the right-side of (I2.47P 
and the left-side of (I2.48p . Combining the left-side of (I2.48P with a VjX = sa x>y and 
the unitarity of V~5b, gives 

Choose g G G so that wp 9 = 1; replacing y with ~gx and applying J2 X a gx ^° P-56p . this 
simplifies by (I2.15P to J2 Z > bz,z'b z ', w = s Y^ z > b z ',zb z ',w, i-e. b y>x = sb X)V . Substituting 
the value for A(g) and our expression for V into (I2.53P with h = 0, and applying 
the triangle inequality and 5 \b Xjy \ 2 = 1, yields b gwm = e w (g)e y (g)b Wjy ; comparing 
with covariance (I2.45P yields the selection rule for b given in the theorem. 

Because T w G Hom(p,p 2 ), we get p(T*p(S g ))T w = p(T*)T w p(S g ). Using fl233|) 
and our formula for A(g), the T v T z >SqSq coefficient of this identity gives 

K; W ,-gz',y = a 9* b '^x:y,V,-g W (#> g) , (2-57) 

which simplifies to the second equality of (I2.48P (for g = 0) and the right-side of 
(I2.46p . The left-side of (I2.49P comes from (I2.15p . while its right-side comes from the 
T*T* coefficient of fl2TMp . f!23Uj) follows by multiplying (gISD by g. b z>u b~^~ v and 
using the left-side of (I2.48P twice. (I2.5ip is a simplification of (I2.18p . Equations 
(l2.34p .f l2T35|) simplify to the right-side of (I2.48P (after applying the other parts of 
(jZHJ) ) and (12321) . respectively. (l2~50l) follows directly from fl2T6|) and fl2~48j) . This 
concludes the proof of part (b). 

To prove part (a), we need to verify the conditions of Proposition 1, given the 
equations listed in Theorem 4. Unitarity of b' follows from that of y/6a and \f5b. The 
covariances (|2.45p,(|2.46p, a gx = e^(g)x{g)a x and b' gzhw = (g,h)z(h)w(g)e z (g)b' zw 
(covariance for b' follows from that for a and b) are used repeatedly to simplify 
the expressions of Section 2.2. For example, these covariances immediately give 
W why {g) = (g,h)y(g)e {t) (g)S w,gy 

(12.151) follows from multiplying the left-side of (I2.49P by J2 Z b*',z an< ^ replacing x 
with gx and y with gy. (I2.17P involves the right-side of (I2.49H . (I2.27P involves the 
selection rule b' xw ^0^xx = ww. Verifying (I2.28P requires the selection rule for 
bm,w f l2~34j) involves all three identities in f l2T48|) . To obtain f l2~35|) from f l2~52j) . use 
three times the left-side of (I2.46P with g = g' x g y , as well as the selection rule for b". 



z';x,y,w 
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Equation (12.501) and the left-side of (I2.49P tells us that the inverse of the matrix 

\w, y ),{z,x) ■= K; W ,x,y js b '(w, y ),(z,x) '■ = h %w,x,y ~ w{g x )e {t) {g x )5^ gxy 8 ZtX . Hence we obtain 
another form of fl 2 . 5 [) : 

^z;w,x,y K;w',x,y' = ^w,w'^y,y' ~ S Sg wW > t g y y'Sg wWt g y y . (2.58) 



(I2.16P arises from J2 Z z' V,*^u'>*' applied to (12. 50 p . while (I2.18P follows from (I2.58p . 
(I2.23P comes from (12.501) and the formula for 5. To see (I2.33p . hit it with J2 W y ^y',J°z",y 
and use (ET3BI) . (F2~T6j) . and both sides of fflAT} . From ( 1235)1 we compute V wxyz (g) = 
z(g)€Q(g)S W:gz S gXjy . QED to Theorem 4 



3 Explicit classifications 

Recall that G is the abelian group formed by the group-like simple objects, so n = \G\ 
is the number of S"s in the Cuntz algebra O n y of Section 2. The fusion coefficient 
n' = N£ = WJ^W will be the number of T's. We know that either n' = n — 1 ('first 
class') or n' is a multiple of n (second class). In this subsection we explicitly solve our 
equations for small n or n'. But first we address the question of the direct relation of 
near-group systems to character rings of groups K, a question begged by the examples 
in the Introduction. 

3.1 Which finite group module categories are near-group? 

We have seen several examples of finite groups K whose module categories are near- 
group. For example, the module categories Mod(Z)4) and Mod(Q8) for the order-8 
dihedral and quaternion groups, are both of type Z 2 x Z 2 + 0, and those exam- 
ples apparently motivated Tambara-Yamagami to study their class of categories [30] . 
Similarly, the even sectors of the D§ subfactor satisfies the S3 fusions and, more gen- 
erally, the module categories for the affine groups Affi(Fq) are of type Z q ^i+q— 2. The 
complete list of groups whose representation rings possess the near-group property 
has been rediscovered several times, but perhaps originated with Seitz: 

Proposition 3. [28] The complete list of all finite groups K whose module category 
Mod(K) is a near-group category of type G + n' , for some abelian group G and some 
nl G Z> 0; is: 

(a) I If I = 2 k for k odd, its centre is order 2, and G/Z = Z 2 x ■ • -Z2. In this case, 
G = K/Z(K), d p = 5 = 2( fc " 1 )/ 2 ; and n' = 0. 

(b) K = Affi(Fq) for some finite field ¥ q . In this case, G = Z g _ 1; d p = q — 1, and 
n' = q-2. 

The groups in part (a) are called extraspecial 2- groups; there are precisely 2 of 
them for each odd k > 1. We will see next subsection that most C*-categories of type 
G + are not Mod(A") for some K. In contrast, Proposition 5 below says that all 
but 5 C*-categories of type G + n — 1 will be Mod(K) for K in part (b). 
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3.2 The type G + classification 

As a special case of Theorem 4, we recover the Tambara-Yamagami classification [30] : 

Corollary 4. The equivalence classes of C* -categories of type G + are in one- 
to-one correspondence with either choice of sign s and any choice of nondegenerate 
symmetric pairing (, ) on G, up to automorphism of G. 

Proof. Because n' = 0, the parameters a, 6, b', b" must be dropped from all equations 
in Proposition 1. All that remains is the sign s and the symmetric pairing (*,*), 
which will be nondegenerate for G. QED to Corollary 4 

The proof in [3U] is independent and much longer, involving a detailed study of 
the pentagon equations in the category. It is worth remarking that [30] prove that G 
must be abelian (whereas we assume it). 

These usually don't seem to be realised by a subfactor. As explained after Corol- 
lary 2, for both choices of signs the subfactors p±(M) C M are equivalent to the 
M G C M subfactor. 

3.3 The near-group categories for the trivial group G 

It is generally believed that there are a finite number of fusion categories of each 
rank, so in particular one would expect that for each finite G, there are only finitely 
many near-group C*-categories of type G + n' for arbitrary n' . In fact, we are led 
to expect that only finitely many cyclic groups G = Z n , when n + 1 is not a prime 
power, will have C*-categories of type G + n' for n' > 0. 

Nevertheless, until we can bound n' given a G, it seems to be nontrivial to classify 
all near-group C*-categories whose group-like objects form a given group G. The 
only example we can fully work out is G = {0} (although we expect the tube algebra 
analysis for n' > n should yield classifications for other groups of small orders). 

Proposition 4. Up to equivalence, there are precisely 3 near-group C* -categories of 
type {0} + nl : namely, two of type {0} + 0, and one of type {0} + 1. 

The possibility n' = is Tambara-Yamagami and so is covered by Corollary 4, 
while n' = 1 is most easily handled using Corollary 5 below. The reason there can be 
no examples with n' > 1 is that such a solution would yield a fusion category with 
rank 2 and a fusion coefficient = n' > 2, and no such fusion category can exist [27] . 

There are precisely 4 rank 2 fusion categories (2 of type {0} + and 2 of type 
{0} + 1). The one which is not realised as a fusion C*-category is known as the 
Yang-Lee model, corresponding to one of the nonunitary Virasoro minimal models. 
The nonunitary minimal models can never be realised as C*-categories, so it is no 
surprise that Yang-Lee is missing from Proposition 4. 

3.4 The type G + n — 1 C*-categories 

By Corollary 3, the only parameters we need to identify are a sign s when n + 1 is 
a power of 2, a third root of unity u when n + 1 is a power of 3, and the b" x y when 
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xy 7^ 1. The complete classification for n < 32 is collected in Table 1; the only value 
for the entries n ^ 1, 2, 3, 7 is the permutation a. Recall n + 1 must be a power of 
a prime and G must be cyclic. In Table 1 we identify J 7 with the subset G \ {0}. 
uj there is any third root of 1. In the a column of the table we use cycle notation, 
writing A for 10, B for 11, etc. For G = Z 7 , a(x) = 1, 1, s, 1, s, s for x — 1, 2, . . . , 6 
respectively, and b" is given by 
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(3.1) 



It is elementary to verify from Corollary 3 that each entry in Table 1 yields an 
inequivalent solution to the equations of Theorem 3. 
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Table 1. The C*-categories of type G + ri for \G\ = n' + 1 < 31 

Proposition 5. // a C* -category is of type G + n' with n' (jL nTL, then G = Z„, 
n + 1 =: q is a prime power, and n' = n — 1. There is precisely one C* -category of 
type Z n + n — 1, namely Mod(Affi(W q ) ), except for n — 1, 2, 3, 7 which have precisely 
1,2,1,1 additional C* -categories, collected in Table 1. 

Proof. We know n' = n — 1 from Theorem 2, and G = Z n where n = q — 1 for 
some prime power q = p k , by Proposition 2. Corollary 7.4 of [8] tells us that the 
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only fusion categories of type Z n + n — 1 are Mod(Affi(F 9 )), except for n — 1, 2, 3, 7 
where there are precisely 1,2,1,1 additional fusion categories. There always is at least 
one C*-category of type Z re + n — 1, namely the one corresponding to the solution 
b = b" = 1, so it suffices to find 1,2,1,1 additional solutions the the equations of 
Theorem 3, when n = 1, 2, 3, 7 respectively. These are collected in Table 1. QED 

Combining [8] and Proposition 5, we find that each near-group fusion category 
with n' — n — 1 and G = Z n has a C*-category structure, i.e. a system of endomor- 
phisms (unique up to equivalence). To our knowledge, this gives the first construction 
of the extra C*-categories for Z 3 and Z 7 . As pointed out in Section 2.3, the collection 
of (equivalence classes of) type G + n — 1 C*-categories for a given G will form an 
abelian group. We find that this group is always trivial, except for n = 1, 2, 3, 7 when 
it is Z 2 , Z 3 , Z 2 , Z 2 respectively. 

Recall the discussion of the deformation parameters _£T 2 ((Zp, Zpfc^); T)/ ~ near 
the end of Section 2.3. We expect the group if 2 ((Z^, Z^^); T) is trivial for all n. It 
should be possible to verify this from the results of (22], at least for n < 4 and n = 6. 
Certainly it says there is a unique depth-2 subfactor with principal even fusions of 
type Z n + n — l for those n, namely M H C MxiZ n _! for H = Z^ (see [3] for a complete 
analysis of these subfactors). It is easy to compute H 2 ({7Jl,'L p k_ 1 )\Y) directly from 
the definition, for n = 1,2, and we find indeed that it is trivial. In particular, this 
means that only the s = 1 solution at n — 1, and only uj = 1 at n = 2, are realised 
by depth-2 subfactors. The triviality of this for n = 5 follows from uniqueness results 
for subfactors of index 5. 

3.5 At least as many T's as 5's 

Consider now type G + n', where n' > n (and therefore must be a multiple of n). We 
don't know of any examples where n' > n. A natural approach to bounding n', given 
n, would be carrying through the tube algebra analysis for n! > n. After all, we find 
in Section 4.2 below that this strategy is effective in pruning the possibilities for type 
G + n — 1. Likewise, Ostrik's analysis [27], which eliminated n' > n for G = {0}, 
investigated the modular data for the double. We will pursue this thought in future 
work. 

Corollary 5. Any solution to the equations of Proposition 1, for arbitrary G and 
n' = n, has s = 1, T = G, H = 0, u x ^ g = 1, and is of the form a x ^ y = 5 x ^a(x), 

b z>x = c\/n6 1 (z,x), b' z x = a(z)cy/n~ l (z, x) , b" z . w x y = 5 y>wx a(x)b(zx)(z 1 y) for some 
complex numbers c,a(x),b(x) satisfying 

a(l) = 1 , a(x) = a(x) , a(xy) (x, y) = a(x) a(y) , ^ a ( x ) = 

X 

6(0) = -l/<5, ^2 ( x ,y)Ky) = Vncb(x) , a(x) b(x) 
y 

X X 



n c 



b(x) 



5y/n ' 



(3.2) 
(3.3) 
(3.4) 
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Conversely, any a(x),b(x),c satisfying (I3.2p - fl3.4p yields a solution to the equations 
of Proposition 1 in this way. Two C* -categories C\,C 2 of type G + n are equivalent 
iff Ci = c 2 and there is a G Aut(G) such that (g,h) 2 = ((pg,4>h)i, a 2 (x) = ai(cj)x), 
and b 2 {x) = b\{<px). 

Proof. Through the pairing (*, *) we may identify G, and hence J 7 , with the group 
G. More precisely, let xo denote the x G T with Xq — 1; then x g = gxo has 
~gxo(h) = fi 9 (h) = (g,h). So the action of G on T corresponds to addition in G: 

HXg Xfr+g. 

Equivariance (I2.45P forces b x Xh = c\/6 (g,h) for some c with |c| = 1. Write 
a x g ,x h = VS a(g)5 g -h for some numbers a(g) with \a(g) \ = 1. Then a(—g) = sa(g), 
so we get s = +1 by looking at g = 0. We get b' Xg Xh = c (g, h)a(g) and covariance 
(I2.46P says b" Xg . Xh Xk Xi = 5i^+k{g,h)b" g k for some numbers b" g k . The left-side of ( 12. 48 ft 
now reduces to 

cJ2(9, h-k)y% = W)^k)b'U +l (3.5) 

9 

and hence 

6^ = ca(k) (h, k) Y,<9, * " *> 6£j = fc> C fc ,o • (3-6) 

Writing = b(g), it is now easy to verify that all equations of [19] are recovered. 
QED to Corollary 5 

This Corollary says that the case n' = n reduces to the generalisation of E 6 
introduced in Section 5 of jl9j. 

Proposition 6. There are (up to equivalence) precisely 1, 2, 2, 2, 3, 4, 2, 8, 2, 4, 
4, 4; 4 systems for G = Z n; 1 < n < 13, respectively. There is 1 solution each for 
G = Z 2 x Z 2 and G = Z3 x Z3, 2 solutions for Z2 x Zg, 4 solutions for Z2 x Z4, and 
no solutions for Z2 x Z2 x Z2. 
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Table 2. The C*-categories of type G + n for \G\ < 13 

All systems for G = Z n {n < 4) and Z 2 x Z 2 , and the first one for Z 5 were 
constructed in Section 5 and Appendix A of [19]; the rest are to our knowledge new. 
The column Q' will be relevant to subsection 4.4, where it will be explained. 

In the table, we write for exp(2iri/k). If (, ) is a nondegenerate symmetric 
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pairing for a cyclic group G = Z„, then it equals (g,h) = exp(2irimgh/n) for some 
integer m coprime to n. When G = Z n / x Z n » in Table 2, any pairing appearing there 
is of the form ((g',g"), (h', h")) = exp(2irig'h' /n') exp(2irimg" h" /n") for some m G Z 
coprime to n". This m is the entry appearing in the (, ) column. 

Note that if Oj are both solutions of (j3.2p for fixed group G and pairing (, ), then 
a2 = ipai for some ^ G G with ip 2 = 1. Thus for G of odd order, the unique a is 
a G?) = {di <?)^ n_1 ■ For G = Z n or G = Z n / x Z n «, for n,n',n" even, with pairing 
given by m as above, then a(g) = s 9 l exp(—iTmg 2 /n) or a(g',g") = s{ s g 2 respectively, 
for some s\,S2 G {±1}- These signs si or (si,S2) grace the fourth column of the 
Table. 

For the group G = Z n , the quantities b(g) are recovered through Table 2 from 
the formula b(g) = e lj3 /y/n, for < g < n/2, 6(0) = -1/5, and 6(— g) = 
a(g)b(g). For the noncyclic group Z n > x Z n », these parameters j are taken in or- 
der (l,0),...,(K/2j,0),(0,l),(l,l),...,(K/2j,K/2j). 

The table lists representatives of equivalence classes of systems. Using Corollary 5, 
it is easy to determine when numerical invariants determine equivalent systems. Note 
that taking the complex conjugate of numerical invariants (i.e. the conjugate of c, 
and the negatives of the (, ) and ji columns) will yield another (possibly equivalent) 
solution to the equations of Corollary 5. For example, consider the first entry for 
G = Z 5 : although the complex conjugate solution has different j's, it is equivalent 
as the j's are permuted back to each other through the Z5 automorphism — 1 G Z5 . 
On the other hand, complex conjugation interchanges the second and third systems 
for Z5; these two are inequivalent because they have different c's. 

Apart from G = Z2, the solutions in the Table turn out to be precisely the 
solutions to the linear equations (13.31) together with \b(g)\ = l/y/n for g ^ 1 (which 
is a consequence of the equations of Corollary 5). These values for j g are floating 
point; to improve their accuracy arbitrarily is trivial using mathematics packages like 
Maple (where you would change 'Digits' to say 200, and use 'fsolve' with the provided 
seed values). The b(g) 's are in fact all algebraic, but providing the exact algebraic 
expressions (though possible) would not be very enlightening. 

We illustrate our method of establishing Proposition 6 and Table 2, with the 
hardest case, namely n = 13. Up to automorphism of Z13, there are two possible 

pairings: (g, h) = for m = 1 or 2; choose m = 1 (this will also yield the 

solutions for m — 2). By ( 13.21) there are 3 possible values of c; choose c = — 1 for 
now. To find a complete list of candidate solutions, first solve the linear equations 
(13.31) (breaking each b(g) into its real and imaginary parts). This determines each of 
the 26 variables Re b(g), Im b(g), up to 4 real parameters, which we can take to be the 
real and imaginary parts of 6(11) and 6(12). The norms |6(1)| 2 = • • ■ = |6(4)| 2 = 1/n 
yield four independent quadratic identities obeyed by those parameters; by Bezout's 
Theorem they can have at most 2 fc (complex) solutions, and as always here this upper 
bound is realised (i.e. no zeros have multiplicities). We 'solved' these equations using 
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floating point: our approximate solutions are 

(Re 6(12), Im 6(12), Re 6(11), Im6(ll)) e {(-.0277709, .9996143, .7988155, -.601576), (-.022834, -.999739, .585511, -.810664), 
(.1154793, .9933099, .1774122, .9841366), (-.2122594, .9772133, -.0413084, .9991464), (-.3498383, .9368100, .9107102, -.4130459), 
(.623311, .7819739, .7557187, -.6548963), (-.7923374, .6100831, -.1096719, .9939678), (.8581882, .5133351, .8230236, -.5680071), 
(-.9560999, .2930407, .00007002229, .9999999), (.976436, -.2158069, .6983522, -.7157542), (.9014165, -.4329529, .5249502, -.8511329), 
(-.8964165, -.4432124, -.1923449, .9813274), (-.7716105, -.6360951, -.402263, .9155241), (.2614237, -.9652241, -.3345549, .9423762), 

(.1595449, -.9871906, -.5115023, .8592819), (.08134136, -.9966863, .4166086, -.9090859)} . 

Of these, four also satisfy the remaining norms |fr(5)| 2 = |&(6)| 2 = 1, and indeed all 
equations (13 .4j) . Two of these are related to the other two by the automorphism — 1 G 
Z* 3 ; the resulting two inequivalent solutions are collected in Table 2. Incidentally, 
had we chosen either of the two remaining possibilities for c, we would have had 3 
parameters from the linear system, 8 solutions to 3 norm equations, but none of these 
8 would be solutions to all of the remaining 3 independent norm equations; thus those 
other values of c don't yield solutions (floating point calculations suffice, thanks to 
Bezout). 

We still need to verify that each of these are indeed solutions, i.e. that they satisfy 
(I3.2|) - (l3.4p exactly. For this purpose, define y/T3b^\g) to be the roots of 

n/v . vX i 13 + VI3- Vl7- V22T u 53 + 8^ - 13%/17 - 7v / 221 vl0 637 + 67^ - 59^ - 43v / 22l 9 
F{X) - X + X H X H X 



( 7531 1905-/13 r— 253 v / 221 t ( 57473 \'^yi'^^fY^, 16341 v / 17 4531 v / 221 

+ 416^ + + 

^4 4 2 628 .29 29 34 34 



X" 



169/ ,— ,— i / 3812952 1057407 v / 13 15721329^ 4359784 v / 22l\ \ „, 

' -16809 - 2587 V13 + 2249V17+ 1127 V221 + i 1 X 7 

\ 4553 4553 77401 77401 J J 

+ - (-25283- 7179^ + 6279v / 17 + 1701v / 22l)x 6 + 



169 ( , — , — , / 3812952 1057407v / 13 15721329v / 17 4359784^221 . 

-16809 - 2587^ + 2249^+ 1127 V221 - t\ 1 V" 

y 4553 4553 77401 77401 

/7531 1905^ il6 fyf 253v / 221 t ( 57473 15935^ 16341^ 4531v / 221~A A x4 
+ \ 4 4 2 628 ^ 29 h 29 34 34 J J 

637 + 67v / 13 - 59^- 43v / 221 - A 53 + Sv^ - 13^ - 7v / 22l 2 13 + - vT? - V221 
H z x. H X H X + 1 



for t = ly 75090 + 2yl3. The roots v 136(g) are thus algebraic integers, and neces- 
sarily have modulus 1. The base field (i.e. the one generated over Q by the coeffi- 
cients) of P{X) is clearly K = Q[a/13, y/l7,t], which has Galois group (over Q) D A 
generated by t \-> sia/75090 + s'2y/l3 and ^/\7 >-> s"Vff, for all signs s, s', s" . The 
splitting field F of P(X) is a quadratic extension of Q[£i3, y/Vf, t], with Galois group 
Z 12 over K given by b(j) >->■ b(£j), £13 H- £fg, for any £ G Z^ 3 = Z 12 . (Use resultants 
to prove the products of roots of P(X) include 13th roots of unity, and hence that 



13b(g)b(-g) = a(g); the first prime p > 17 with V13, y/17, V -75090 - 2V13 G Z p is 
p = 101, and modulo 101 

P(X) = 19+74X+55X 2 +62X 3 +74X 4 +77X 5 +39X 6 +86X 7 +8X 8 +47X 9 +73X 10 +61X n +X 12 

is irreducible in Zioi[X], hence Gal(F/K) contains an element of order 12; etc.) 
The 7 nontrivial automorphisms in Gal(K/Q), lifted to F, map b(g) to the three 
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other solutions for n = 13 in Table 2, together with 4 analogous 'shadow' solutions 
corresponding to 5' = (13 — v221)/2, which can also be estimated numerically. To 
show that b(g) (as well as the other 3 candidates in Table 2 for n = 13) indeed satisfy 
the remaining identities in fl3.2p - fl3.4p . it suffices to replace each b(g) with 13 /b(g), 
multiply by 5 and an appropriate power of ^Jn to guarantee that the equations are 
manifestly algebraic integers, and then evaluate the equations numerically for all 8 
choices of b (the 4 from Table 2 and the 4 shadows). We used 200 digits of accuracy - 
far more than necessary but trivial using Maple — and found that the equations held 
to accuracy 10" 190 or so. The errors will therefore be algebraic integers, and from the 
above we know that all of their Galois associates will have modulus << 1. This means 
the errors must vanish identically, and we are done. (Incidentally, the polynomial 
P{X) was found working backwards: the numerical analysis of the previous paragraph 
suggested its existence and basic properties.) 

The 1 in Proposition 6 for G — 1L\ corresponds to (i.e. is also implied by) the 
uniqueness of the A3 subfactor, and the 2 systems for G = Z2 correspond to the 
two versions of the E$ subfactor. Note that our classification for uniqueness (up to 
complex conjugation) for G = Z3 corresponds to the uniqueness for even sectors of 
the Izumi-Xu 2221 subfactor. The uniqueness of the Izumi-Xu subfactor was first 
shown in the thesis of Han [14J. His proof is independent of ours: it involved planar 
algebras, and was quite complicated. 

Note the numerology nbun = &ixn 2 -, where (n + \/n 2 + 4)/2 is the dimension of 
the nongrouplike simple objects in the Haagerup system for Z n [19], and 5 IXn 2 is the 
dimension of p for near-group C*-categories of type Z„2 -\-n 2 . This suggests comparing 
the subfactor p# n ,(M) C M with the subfactor pixn 2 (M) C M z « 2 , as they have the 
same index, namely 5j In . For n = 3, the principal graph of the former is Figure (4') in 
Lemma 3.10 of [12], while the principal graph of the latter is the completely different 
2 9 1, so the connection (if indeed there is one) is not simply this. 

4 Tube algebras and modular data 

4.1 The tube algebras of near-group systems 

In this section we compute the tube algebras, for any solution to the equations of 
Proposition 1. Our notation will be as in [18]. We can assume T 7^ 0, i.e. n' 7^ 0, as 
the tube algebra for the Tambara-Yamagami systems was computed in Section 3 of 

Let A = {(y g ,p} g eG be a finite system of endomorphisms, as in Section 2. The 
tube algebra Tube A is a finite-dimensional C*-algebra, defined as a vector space by 

Tube A = ©^ i?6A Hom(£ • C, C • v) ■ (4-1) 

Given an element X of Tube A, we write (C,(\X\(r]) for the restriction to 
Hom(££|X \(ri) , since the same operator may belong to two distinct intertwiner spaces. 
For readability we will often write g for a g . In our case the intertwiner spaces are 
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H.om(a g+ h, OL g a.h) = CI, Hom(p, a g p) = CI, Hom(p, pa g ) = CU g , Hom(a 5 ,p 2 ) = 
CS g and Hom(p, p 2 ) = span 2gjr {T z }. Denote the elements A g ^ h = (gh\l\hg), 
B g , h = (g P \U h \ph), C g , z = (g P \T z \pp), D g , z = (pp\U g T* z \pg), E k = (pk\U* k \kp), 
E'k = (PP\SkSl\pp), E'^ z = (pp\T w T*\pp). Then the vector space structure of the 
tube algebra is: 

Tube A = A g>h © A g>p © A p , g © A PjP , (4.2) 
9,h g g 

where A g , g = CB 9t9 © span fceG A 9jfc , A g , h = ^B g , h (for g ^ h), A 9tP = span^C^, 
A p , g = span 2 D giZ , A PsP = span k E k © span fc £^ © span^E^. 

The C*-algebra structure of Tube A is as follows: multiplication is given by 

mx\cmx'\Y\cw) = v E 0x^)^(^01^) , ( 4 - 3 ) 

where p p = p and p g = a g , and: when ( = g and (' = h, then the unique v is g + h 
and the unique T(u, i) is 1; when ( = g and £' = p, the unique i> is p and the unique 
T(v, i) is 1; when ( = p and = g, the unique v = p and the unique T(^, z) is U g ; 
and when £ = (' = p, then z/ runs over all g £ G, with T(g, z) = S* g , as well as v = p, 
with T(g, i) running over all T z . Moreover, the adjoint is 

mx\CvY = d^ci^p^x^m , (4.4) 

where d g — 1, d p — S, R g — 1 = R g , and R p = S , R p = sS . 

Let a be a finite sum of sectors in A. A half-braiding for a is a choice of unitary op- 
erator £ a (£,) <G Hom(crpg, pg<j) for each (gA, such that for every X G Hom(p£, p^p v ), 

X£ a {0 = p^EM)^{i)(T{X). (4.5) 

For our systems this reduces to 

£ a (g + h) = a g (£ a (h))£ a (g), (4.6) 

£ a (p) = a g (£ a (p)) £ a (g) , (4.7) 

U g S <T {p)=p(£ <T {g))S <T {p)a(U g ), (4.8) 

= ^{p)) Saip) a(8 g ) , (4.9) 

T^(p) = p(£ CT (p)) ^(p)a(T,) , (4.10) 

for all g,h £ G, z £ J 7 . There may be more than 1 half-braiding associated to a 
given a; in that case we denote them by £ ] a . As we will see shortly, knowing the 
half-braiding is equivalent to knowing the matrix units of the corresponding simple 
summand of Tube A (the matrix units ey of a matrix algebra isomorphic to M kxk 
are a basis satisfying ti^e m ^ = &j, m z%,i — e.g. the standard basis of M kxk ). If we 
decompose a = J2 g kg a g + kpP a sum °f irreducibles, then each half-braiding £ 3 a 
will correspond to a distinct matrix subalgebra of Tube A isomorphic to M kxk , where 

k = kg + /up. 
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The dual principal graph for the Longo-Rehren inclusion of A can be read off from 
the collection of half-braidings as follows. On the bottom are the simple sectors of A; 
on the top row are the (inequivalent) half-braidings £ 3 & . If we write <r = Y1 k g ot g + k p p, 
connect £ 3 a to a g with k g edges, and to p with k p edges. This forgetful map E 3 C i— > o 
is called alpha-induction and plays a central role in much of the theory. See Figure 4 
for an example, which follows from the tube algebra analysis of Subsection 4.2. (The 
principal graph for the Longo-Rehren inclusion is much simpler: just A x A on the 
bottom and A on the top, with edge multiplicities given by fusion multiplicities.) 



f 1 

C-p+O 



F 2 



f 1 



F 2 

C-p+1 



F l 

C-p+2 



F 2 

C-p+2 




Figure 4. The dual principal graph for the double of A(Z 3 + 2) 

The point is that the centre of the tube algebra is nondegenerately braided. A 
nondegenerately braided system comes with modular data: 

Definition 2. Unitary matrices S = (S a fi) a ,be$iT = (T ajfe ) aifee $ are called modular 
data if S is symmetric, T is diagonal and of finite order, the assignment (°~ ) t— > S, 
i — y T generates a representation of SL 2 {'L), and there is some index G $ such 
that ^ > Vd e $ and the quantities 



S a ,dSb aS c A 



0,d 



(4.11) 



are nonnegative integers. 



The a G $ are called primaries; G $ is called the identity; the N a b >c are 
called fusion coefficients and (14.111) is called Verlinde 's formula. S 2 will necessarily 
be a permutation matrix, called charge- conjugation C. In the case of modular data 
associated to nondegenerately braided fusion categories, the primaries $ label the 
simple objects, the quantities N^ b := N a ^,cc are the structure constants of the fusion 
ring. Nondegenerately braided systems of endomorphisms always satisfy the stronger 
inequality S a) o > 0, so we will assume this for now. The quantum- dimension «S , a ,o/>S'o,o 
in this case is the statistical dimension d a = \/[M : a(M)] and 1 / S^o = d a is 

the global dimension. When S a fl = Sq^ then a has an inverse in $ and is called a 
simple- current. 
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In the case of the centre of Tube A, the primaries are in one-to-one correspon- 
dence with the simple summands of Tube A, or equivalently with the half-braidings 
defined above. These matrices can be computed once we know the matrix entries 
{r,,a),{r,' ,a>) £ Hom(p r) • p%, p^ ■ prf) for each irreducible £ G A, as 77,77' run over all 
simple objects (with multiplicities) in a. In fact, the diagonal entries (77', a') = (77, a) 
suffice to determine S, T. These matrix entries can be computed from either the 
half-braidings, or from the diagonal matrix units e(a^)ii, as follows. Let W a (n, a) be 
an orthonormal basis of Hom(p^, a); then we have 

^(O(n,«),W,«0 = PetWM, a')*) £&) W a (f],a) , (4.12) 

e(<T 3 )(r,,aUr,',a>) = ~ ~F== Y] d t (vCl&criO («,*),(«>,<*') \&') , (4.13) 

where 

A = n + 5 2 = In + n'6 (4.14) 

is the global dimension. The entries of the diagonal unitary matrix T and symmetric 
unitary matrix S are determined from the matrix entries ££(£)(r),a),(r),a) through: 

To^oi = d£ <&(£Z(0(C,a),({,a)) > (4-15) 
S aiyf = -f Yl d ^M £ UvY^a)^, a )£i(0*(r 1 ,a'),(r 1 ,a')) > (4-16) 

where <j)^ is the standard left inverse of the endomorphism p%, defined by <f>t(x) = 
R* Pi _J)^(x) R p ^. In (14.151) . £ can be any irreducible in a, and in (I4.16P the sum is over 
all £ (counting multiplicities) in a' while 77 is any (fixed) irreducible in a. 

4.2 The first class near-group C*-categories: n' = n — 1 

As before, we will sometimes write a x ,b x ,b" y for a(x),b(x),b"(x,y). We will first 
show that, as a C*-algebra, 

Tube A 9* C 2n+l © M nxn © (M 2x2 ) n2 - n , (4.17) 

unless s — —1 and n = 7, in which case 

Tube A = C 7 © M 7x7 © (M 2x2 ) 44 . (4.18) 

It will prove useful to know the formulae 

pU g = Sk S* g+h + ^(9) T w U g T* w , (4.19) 

h w 

b"(x, y) = a x a y a xy b(a 2 x ay) b"(y, x) , (4.20) 
b"(a 2 (-ax), a(-ax)) = b"{x, a 2 x) . (4.21) 
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fl4T9|) is implicit in Section 2.3. (PU]) follows from the sequence fl2T37) .( l2T39|) .( l2~37]) . 
f)4.2ip is trivial when n is odd (where — 1 = 1), so it suffices to take s — a = b — 1; 
then apply the sequence ( l2.37p .( l2T3"§jUI2.38p to the left-side. Note also that we always 
have a_ x = a x and b_ x = b x (when both sides are defined). 

Theorem 5. Consider any type G + n — 1 C* -category, i.e. let s,a,b,b" be any 
solution of the equations of Theorem 3. 

(a) There is precisely one half-braiding £ ag for any g G G: S ag (h) = 1 and S ag (p) = 
(—l) n9 U g . We get the diagonal matrix entries £ g {h) g ^ g = 1, £ g (p) g , g = (—l) n9 U g . 
These half-braidings correspond to central projections 

vr 9 = n -\n + l)" 1 £ A g , h + (n + l)~\-lf n ' B g , g . (4.22) 
h 

(b) There is precisely one half-braiding £^ a g - It corresponds to the n x n matrix 
algebra Ai^a), spanned by B g ^ (g ^ h) and 

n> g : = (n + l)^ 1 £ A g , h + (n+ l)-\-l)^' +1 B gig \/g . (4.23) 

h 

The corresponding matrix entries are £\z{g)h,h — 1> £j]{p)g,g — ra _1 (— l) 9U ' +1 U g . 

(c) There are precisely n — 1 half -braidings £p\ a for any g G G, one for each 2 x 
2 matrix algebra A(g,w) = Sp&n{p giW ,C gtW ,D gtaw ,D gtaw C giW }. The corresponding 
matrix entries are £p\ g {h) g>g = w(h), £™ +g (h) PjP = (—l) n ' h w(g + h) U^, and 

%(p)*P = £(-i) B ' h ^s fc sj; 

h 

+n~ 2 a^b w y' b 1 ' -27 — r b" 2 — ra 2 (wx)(q) a(w a(wx))(q)T x T*_ — r. 

/ j a^w a" ! (wx),x aw,xa A w a z [wx) v / \-J / \ \ 1 1 \ -J i ■* —wxo £ (wx) 
x 

(d) When s = u = lorn<3, there are precisely n + 1 half-braidings £^ , natu- 
rally parametrised by the characters ip G F* +1 . The matrix entries are £^(g) PtP = 
(-l) gn 'U* and 

£}{p)p* = Ci^(l) £(-l) fc "'^ +^^( W )r i T^ ) (4.24) 

k x 

where (i,(x is any particular solution to the equations (I4.4ip (when b" and b are 
identically 1, take ( identically 1). 

(e) When s = —1 and n > 3, then n = 7 and there are precisely 2 half-braidings for 
a = 2p, with matrix entries ^2p(5 , )(p,s 2 ),(p,s2) = U* and 

^2p(p)( P ,s 2 ),( P ,s 2 ) = isi £ S 9 S *g + ls 2TiT* + SiS 2 iT 6 T 4 * , (4.25) 

g 

where s±, S2 G {±1}. 
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(f) There are no C* -categories of type G + n — 1 with u^l and n > 2. 
Proof. From (14. 31) we obtain the formulae 

A 9t h Akj = Sg^Ag^+i , A 9t h B^i = b~ g ,kBk,i Bg^Bkj = o~h,k8g,i Ag^ m + Sh±c g hiB gj i , 

m 

Ag.h.Ck,Z = Sg^Z(h) Ck.Z , Bg f h Ck.Z = , Cg tW Dk, Z = Sg , fc , z d Z O z W{K)Ag^ , 

ft 

A^C^ = ^A^n" 1 ^ ^2(-l) n ' h w(h + g)E h + 6 g , k 6 Zt<m b- 2 ^ 

/i h 

+8ak$z(Tw/ b" 9 — r b" 2 — ^ a 2 (wx)(q) a(w a(wx))(q) E" _ — r , 

g,K z,aw / j ,j2 wa 2( wx ^ x crw,xa 2 w a 2 (wx) v ' vi * > v v IIWI x-wxcfliwx) 1 
x 

Cg, Z E k = Z (k)(-l) n ' k Cg, Z , Cg, Z E' k = ^-l)"^^ " <?)C g , 2 , 

C g,z E 'w,x = Cg :Z 5 x ^ (zW) x(g)a 2 w(g)b"(xa 2 w,z)b"(z,xa 2 w) , 

where c gM := J] a z(#) o -z(h) a 2 z(l) . Using (-l) n ' h = z(h)az(h)a 2 z(h), we get c flWl = 
= c hhg = (-if ft (n<W - 1). Write e = £ h (-l) ft ' h £ h , e' = £ fc (-l)"X> 
e'' = E"— . From JO) we obtain 

= A g ^ h , B* (h = B Kg , C* 2 = sz{g)a z b z Dg t(TZ , 
e* = e , e'* = stf-i^e' + se^ , e"* = 5 Zi2 e' + a z b z b"(Wz, a 2 (-az)) e^ 2{ _ az) . 

We use in these expressions that cr(2) = —1, where 2 denotes the element 1 + 1 in the 
corresponding field F n+1 ; when the characteristic of F n+1 is 2, then neither —1 = 1 
nor 2 = lie in J 7 , so the corresponding terms should be ignored. 

Let's begin by solving the half-braiding equations for (a). For later conve- 
nience, we'll solve this for any near-group C*-category. Since Hom(a J+ / 1 , Oi g+ h) and 
Hom(a 5 p, pa g ) are both one-dimensional, we need to find numbers c g ^d g G C for 
each g,h G G, such that S ag (h) = c g ^ and S ag (p) = c' g U g . (14. 7p and (I4.1UI) give c g ^ 
and c' respectively. The remaining three equations are then automatically satisfied. 
(I4.10p becomes 



-s5^ 2 J> + *, h) {-hy){h)a^5_ h%z , = ^ z(g) x(k) b z , x V'^,^ , (4.26) 



z(g) c'- 1 z(g) (g, h - g)5 x , gz = W xhz (g) , (4-27) 
c g _1 (#> #)%) z(g) x(g) 6 w>gz 5 V:gx = V wxyz (g) , (4.28) 

where W, V are defined in the proof of Proposition 1. It is easy to see from Theorems 
3 and 4 that ( I4.26P is automatically satisfied for both classes. 

When n' = n — 1 this condition becomes c' g = z(g) crz(g) o~ 2 z(g) is independent of 
z. Using the finite field expression ax = (1 — x)" 1 of Proposition 2, zozo 2 z collapses 
to — 1 G F q , so this expression for c' g simplifies to c' g = (— l) g if n is even, or c' g = 1 if 
n is odd. In this case, (I4.9p is automatically satisfied. 
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Now turn to the proof of (b). We see from (14. 3 j) or the products collected at 
the beginning of this proof, that Ai^oi) is an n 2 - dimensional C*-algebra, so is a 
direct sum of matrix algebras. The n' g obey tx'* = ir' g , ^' g ^' h = ^gh^'g, and n g B h ^ k = 
3g,hBh,k, so the projections 7i' g are the diagonal matrix units. For any g, there is 
an n- dimensional space in A(^2 a ) satisfying 7T g x = x, namely the span of n g , Bg^ 
{h 7^ g), so 7i' g must belong to an n x n block and hence A(J2 a) is M nxn (C). 

To show the n' g are minimal, i.e. A(^2 a) is maximal as a simple C*-subalgebra 
of Tube A, it suffices to show that ^' g ^k = B g;h 7r k = n' g Ck tZ = B g h Ck, z = for all k, z 
and all g ^ h. This is clear from the products listed earlier. 

The C*-algebras A g , g are each isomorphic to C n+1 , with projections ir z of Theorem 
5(a), 7r g of Theorem 5(b), and for all zeG*, 

p g , z = n- 1 Y,W)Ag, h . (4.29) 

h 

Together with the n x n matrix algebra of Theorem 5(b) and the projections n g 
of Theorem 5(a), these projections p 9iZ span all of J2 g h^g,h- Note that p g ^k = 
P 9 ,zK = and p* g:Z = p g>z . 

Now turn to (c). Each A(g,w) is clearly a 4-dimensional C*-algebra, and is 
noncommutative since C 9tW D g ^ w e J2h^g,h an d D g>aw C g;W G A PtP are distinct. 
Therefore each A(g, w) is isomorphic as a C*-algebra to the 2x2 matrix alge- 
bra. Each A(g,w) is readily seen to be orthogonal to ir g and A(^2a). Note that 
C g , w D gtCTW is a scalar multiple of p 9jW . A basis for ^2 g A gtP + J2 g ^p,g + A^p ^ s 
^g,w{Cg !W , D g!<7W ,C gjW D gt(TW , D 9t(7W C gtW } U {e,e',e'x} xe Q*. To verify that A(g,w) is 
maximal as a simple C*-subalgebra of Tube A, it suffices to verify that C g ^ w D g i yW i = 
= D g i tW iC g!W unless g = g' and aw = w', C 9)W e = C 9iW e' = C g>w e x = (the other 
orthogonalities are either trivial or follow from these). This is elementary. 

The diagonal matrix units are p 9tW and n^a^byjDg^Cg^. From this we obtain 
the desired quantities. 

Now, turn to (d). We compute 

e 2 = ne , ee' = ne' = e'e , ee" z = ne" z = e" z e , e'e' = ri~ s5-\^e + 026261/2 , 

e'e" = n~ 1 5 Zt2 e + b z b^ az b" (a(-az), a 2 (-az)) e" ( _^ , 

e" z e> = n- 1 5 z , 2 e + b"(^z~,z)e>> { _ WI) , 

e" e 'w = w~ 1 s6 w a,6^ j0 a a <5 <Wi _ <TZ e + a w 6 z>w b z e + b' x>x ,b'l y b"{a 2 z, vY c{ -awoza{wz)) , 

where in the e"e'^ equation x,x',y are defined by ax = —awaz, ax' = xaz, and 
ay = a 2 z aw. Manifestly, the span of e,e' and all e" x is an n + 1-dimensional C*- 
algebra, which we'll call A(p). It is immediate now that it is orthogonal to ir g , A(^2 a) 
and all A(g,w). Let's identify when it is abelian. First note that 

b~ x b^ x b"(a(-ax), a 2 (-ax)) = &"(o^c, x) for x ^ 2 , (4.30) 
s b w a z b" z <j2z = sb z a w b" w(j2w for az = -aw , (4.31) 
a w b z = a z b w for z = w. (4.32) 
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Indeed, (I4.30P follows by applying (I4.20p twice and (I4.2ip once; any b y appearing 
in these expressions can be replaced with sa y . To see (14.311) . use (14.211) and the 
substitution — az = aw; again, b = sa here. (14.321) is trivial. 

Thus to conclude the argument that A{p) is commutative, it suffices to ver- 
ify that b"(x,x') b"(z,y') b ;; (a 2 z,y') is invariant under the switch z <->• w. Using 
fl2T371) . fl2T10l . fl2A|) and flCTj) . we obtain 

Kx 1 = b"(w, aza 2 w) a x b 2 x b yz a a 2 waz b a 2 waz a(azaw) ab(a 2 w a(a 2 w az)) , (4.33) 

y^ y = b"{a 2 z, aw) ab{z) b^b~ z b{a 2 w az) b{a 2 z aw) , (4.34) 
b"(aH, y) = b"(z, a 2 z aw) b z b x , b x b(a 2 z aw) , (4.35) 

where we write ab(z) for a(z) b(z) etc. We likewise have 

2 

b"(a 2 w, az) = b"(a 2 z, aw) s ab(z) ab{w) ab{a 2 z aw) b(a 2 w az) . (4.36) 

Since x,x',y depend on w, z, they will be affected by the switch w z: in particular 
we find x becomes a 2 x, y becomes a 2 w az, and x' is unchanged. Thus A(p) is 
commutative iff 

ab(a 2 w az) ab(a 2 w a(a 2 w az)) = 

2 

ab{a 2 z aw) ab{a 2 z a{a 2 z aw)) ab{a 2 z aw) b{a 2 w az) . (4.37) 

Consider first the generic case, where u> = 1. We find that, provided aw ^ —az 
and z ^w, e' 2 'e^ = s e^e". This means A(p) will be commutative provided s = u = 1 
or n < 3. 

Much more subtle is when u is a primitive third root of unity. In this case 
— 1 = a{— 1) and s = 1; a x = b x = 1 except for 6_x = u. Then A(p) is commutative 
iff 

b(a 2 w az) b(a 2 w a(a 2 w az)) = b(a 2 z aw) b[a 2 z a[a 2 z az)) (4.38) 

for all w, z with aw ^ —az and z ^ w. The only possible way this equation can be 
violated is if at least one of those 6's doesn't equal 1. 

Suppose first a 2 z a[a 2 z aw) = —1. Then hitting both sides with <r, we get — az = 
x. This implies ax' = —1, i.e. x' = —1, and hence aw = —a 2 x. Therefore 

— 1 = <t(— 1) = a[awa 2 x) = a 2 w a(axw) = a 2 w a(-azaww) (4.39) 

and thus a 2 w a(a 2 w az) = — 1. Thus in (I4.38p . b(a 2 w a(a 2 w az)) and b{a 2 z a{a 2 z az)) 
are always equal. 

Finally, suppose a 2 zaw = —1. Then a 2 waz = x cannot equal —1. This means 
that for any pair x, z with a 2 zaw = — 1 and az ^ —ax and z ^ x, e' z e' x = we"e". 

Consider now the case where A(p) is commutative, i.e. where either s = u = 1, 
or n < 7. Then the n + 1 minimal central projections in A PtP are scalar multiples of 

tt(C) = {n 2 + n)~ 1 e + (n + l) _1 Cie' + (n + l)" 1 ^ ( x e' x (4.40) 

X 
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for some (i,(x G C x . These must satisfy e'n(Q = fi e >7i(() and e"ii(() = fi x n(() for 
scalars (3 e r,/3 x G C. This yields the equations 

C2 = Ci > Cx = sa x b x (x ( x , (a(-wx) = b x b- ax Ci ( x K^ x i x ^ 2 ) , 

Ca{-azaxa{xz)) = Cx Cz K,x' K,y ^ y ( Z <T 2 {-(Tx)) , (4.41) 

as well as = s when n + 1 is even. 

First, note we can solve these equations in the special case that b" and b are 
identically 1. In this case, identify G with F* +1 and take d = and ( x = ip(ax) 
for any of the n + 1 characters of the additive group F+ +1 = (Z p ) fc : a little effort 
shows these n + 1 choices of £'s all work, and so must exhaust all solutions. 

Recall that the C*-categories with n' — n — 1 form a group: C{b\, b'^) *C(b 2 , b 1 ^) = 
C(bib 2 , b'lb'2). Let 7r(C(*)) be solutions of f)4.4ip for b" respectively; then ( x = 
((l) x ((2) x will be a solution for C(&i&2, b'lb'2). This implies that if you have any 
particular solution ( for a given C(b, b"), all other solutions for that category C(b, b") 
are obtained by multiplying that particular solution by the solutions if) (ax) for C(l, 1). 

Since the sum of the minimal projections of A(p) must equal the unit n~ 1 e, we 
know now that the ir(() given in (I4.40p are indeed the minimal projections (i.e. the 
coefficient A -1 for e is correct). 

When s = — 1, both e, e' are central elements. Suppose the centre is not 2- 
dimensional. Then there is some Z = c x e!' x 7^ which commutes with all e!' w . 
Suppose c x 7^ 0; then as long as n > 3 it will be possible to choose a z not equal to 
0, l,x, x. Then e"Z and Ze!' z will differ by a sign in at least one coefficient (namely 
that of e", 2 2 \ 1 — \), which will be nonzero because c r is. This contradiction means 
that A(p) will indeed be a sum of two matrix subalgebras. Note that 0e + je' = 
(fie + 7e') 2 = fi 2 ne + 2fi^ne' — 7 2 n~ 1 e forces fi = (2n)~ 1 and 7 = ±i/2. Thus the 
identities in the two matrix subalgebras are 1± := (2n)~ 1 e±ie'/2, and the two matrix 
subalgebras will be the images e±(A(p)) =: A(p)±, and are of equal dimension. 

Let's finish off the proof of (e). The C*-algebra A(p)+ is spanned by 1 + and 
z + := (7 2 e" z — v%e'^)/2 where 7 2 = ^b"(az, z) (since b"(az,z) = —b"(a 2 z,z), we can 
choose these square-roots so that 7^ = 17J, so z + = z + ). We compute z\ = 1 + , so 
each z + is invertible. Provided w (jL {z,~z}, we have 

z + w + = fi z , w (^±1) (4.42) 
V w + z J + 

for some fi ZjW G C, where we use addition in the finite field F n+1 to simplify notation. 
But provided w G" {z,z}, we know e" z e" w = —e n w e" z and hence z + w + = —w + z + . Now 
choose some x G" {z,~z, w,w, (wz + l)/(w + 2), (w + z)/(wz + 1)} — this is possible 
as long as n > 7. Then 

— (z + w + )x + = x + (z + w + ) = —z + x + w + = z + w + x + , (4.43) 

so z + x + w + = 0, which contradicts invertibility of z+, w+, x + . This contradiction 
shows that s = —1 requires n < 7. 
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When uj ^ 1, say ui = e ±27n / 3 , we see that every z ^ — 1 will have precisely one x 



such that a 2 z ax 



■1. This means e"e' 



//„// 



e'X unless x G {-1/(1 + 2), -(1 + 1/z)}, 



using finite field notation for addition as usual. Note that e'[ 



e -(i+i/z) e Ce" 1 e 



G Ce'e" and 



The centre of A(p) manifestly contains e,e',e" 1 , and exactly as 
in the s — — 1 argument, we see that the centre cannot be more than 3-dimensional. 
Therefore A(p) here must be a sum of 3 matrix subalgebras. We compute the corre- 
sponding identities as before, obtaining 1^ = (3n)~ 1 e+e T27T ^ 9 (e' /3+e T27T1 ^ 9 C 2 e'!_ 1 /3 for 
each third root ( of unity. Thus A{p) will be a sum of the matrix subalgebras A(p)^ := 
l(A(p) = span{l c , l c e' 2 '}- Now, l c e£ G Cl^'iffx G {z, -1/(1 + 2), -(1 + 1/+)}, so we 
see that l^e" and l^e" will always commute, and thus each subalgebra A{p)^ will be 
commutative. Since they are also simple, each must be C, and we have that n+1 = 3. 
This concludes the proof of (f). QED to Theorem 5 

We already knew (from Proposition 5) that s — 1 for n + 1 1, 3, 7 and u = 1 for 
?i / 2, but we wanted to derive it directly to demonstrate the effectiveness of the 
structure of the tube algebra in constraining the sets of solutions. Let us now give 
particular solutions for £ in the known cases where a, b, b" are not all identically 1. 
When n = 1 and s = 1, there are no parameters £. When n = 2 and u = e ±27n / 3 , 
take Ci = e T27n / 9 = When n = 3 and s = —I, take £i = = 1 and Cw = 1, 
where we identify F4 with Z2 [cu] for u 3 = 1 and identify G with F4 . 

Corollary 6. Fix any finite field ¥ = ¥ q for q = n + 1, and identify G with F x . Here 
is the modular data of the double of any system covered by Theorem 3. The global 
dimension is A = n 2 + n. The primaries come in 4 families, parametrised as follows: 

• geG; 

• the symbol E; 

• w + h for w G G* and h G G; 

• either p^ for ip G F n+ i (when s = u = 1 or n < 3), or p Sl for s\ G {+} (when 
s = —1 and n = 7). 

Then the T and S matrices are given in block form by 



T = diag(l;l;^(/i);Ci^(l)) , 



,5' 



n + 1 



n _1 1 w(g)(n + l)n _1 

In 
w{g){n + l)n^ 1 (n + l)n^ 1 w' (h)w(h') 



1 -1 

except for n = 7 when s = —1, when 



o 



V 







T = diag ^1; 1; w(h); ±i 



/ 7 



-i 



S = - 



1 
2 



1 

7 




lw(g) 





lw'(h)w(ti) 




2 \ 

-2 





(4.44) 
(4.45) 

(4.46) 
(4.47) 
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The primary labelled g corresponds to the half-braiding with a = a g in Theorem 
5(a); E corresponds to er = in 5(b); w + g corresponds to the half-braiding £™ +g 

of 5(c); pj or p, p' or p,p',p" correspond to the half-braidings with a = p in 5(d). 
The proof of Corollary 6 is an elementary calculation based on the matrix entries 
listed in Theorem 5, as well as the formulae of Section 4.1. The most difficult is the 
bottom-right block in the S matrix. Consider n + 1 odd (so s = 1). Then 



V 9 z 

h w 

z 

—aw)'-^'a(—aw) 

\ w 

which simplifies down to the given expression. 

Note that when s = u — 1, this recovers the modular data for the double of 
the affine group Aff!(F n+1 ) (see e.g. |6] for the general theory of finite group 
modular data and its twists by cocycles in H 3 (G; T)). Recall that the primaries of the 
(untwisted) double of a finite group are pairs (g, ip) of a conjugacy class representative, 
and an irrep of the centraliser of g in the full group. The primaries of the double 
of C(l, 1) and the double of Affi(F n+ i) = F g xiF^ match up quite nicely as follows: 
what we call g G G corresponds to the pair (e,ip) where e is the identity and ip is 
a 1-dimensional representation of Affx(F n+1 ); X corresponds to (e,p) where p is the 
n-dimensional irrep; w + h corresponds to conjugacy class {w,0) and irrep § £ FJ; 
pip corresponds to conjugacy class (1,1) and irrep ip of the centraliser F+. 

Note that in each case the modular data is inequivalent for the two systems at 
n = 1, the three at n = 2, the two at n = 3 and at n = 7. This then verifies that for 
n — 1, 2, 3, 7, the solution b — b" — 1 corresponds to Mod(Affi(Fq)) (for the other n, 
this is clear by the uniqueness in Proposition 5. This inequivalence of the modular 
data also means that those systems are not Morita equivalent, i.e. there cannot exist 
a subfactor N C M for which the principal even sectors form say the s = +1 system 
at n = 7 and the dual principal sectors form the s = — 1 system at n — 7. 

The modular data for the 3 systems with G = Z 2 was also computed in Section 
4 of [19J, where it was remarked that the modular data corresponds to that of the 
double of S3 = Aff 1 (Z 2 ) and its twists by order-3 cocycles in H 3 (Ss]T) = Z 6 . The 
order-3 twist arises because all that the twist is allowed to affect is the primary 
corresponding to conjugacy class (1,1) and (projective) irreps ip of its centraliser Z 3 . 
In other words the cocycle must be nontrivial on Z 3 < S3, and coboundary on the 
Z 2 subgroups. 
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It appears that s = — 1 for n = 1,3,7 likewise corresponds to twisted modular 
data. This is clear for n = 1: if 3 (Z 2 ; T) = Z 2 and s = ±1 corresponds to ±l-twisted 
data for Z 2 = Affi(F 2 ). Affi(F 4 ) is isomorphic to the alternating group A4, and the 
natural restriction of i? 3 (A 4 ; T) to the subgroup Z* 2 . < A± is Zf. The s = — 1 modular 
data appears to agree with the twist by some cocycle in that Z 2 , although we haven't 
yet fleshed out the details. For n = 7, something analogous will hold, except now we 
want a twist which, when restricted to Z 2 < Z 2 xiZ 7 , is not ! CT' in the sense of [6] 
(because the number of primaries for s = — 1, n = 7 is less than for s — 1, n = 7). 
Such co cycles do indeed exist here. 

4.3 The tube algebra in the second class 

Consider now the near-group systems of type G + nl where n' e nZ. It is certainly 
expected that only finitely many n' will work for a given n; in fact to our knowledge 
all known near-group categories for abelian G have n' e {0, n— 1, n}. Last subsection, 
we used the existence and properties of the tube algebra for n' = n — 1 to prove that 
s — co — 1 except for n = 1,2, 3, 7. Likewise, we expect that the existence of the tube 
algebra should constrain the possible values n' G nZ. 

As a preliminary step towards working out the tube algebra structure here for 
n' > n, consider the half-braidings for a = a g , when n divides n'. We find (following 
the proof of Theorem 5(a)) that £ ag exists here iff, whenever z = w — 1, we have 
z(g) = w(g). Indeed, when n\n', equations (I4.27P and ( I4.28P are both satisfied iff 

d g = e^g)T(g)W) (4-48) 

is independent of z. In this case, the only condition from ( I4.9P is c' g 2 = (g, g). Because 
gz = fi~ 9 z while g~z = [i 9 z, it suffices to consider z with trivial z. Moreover, because 
z = z, if z(g)z(g) is independent of z then it must be real and hence in ±1. Thus 
c' g 2 = £(,)(g) 2 = (g,g) and (14.91) is automatic. 

This condition (independence of z) is automatically true when n = n' (the case 
considered in [19]) because then z uniquely determines z. At this time, we don't 
know whether it is also true when n! > n — for all we know, n' > n is never realised. 

When the half-braiding £ ag exists, it is unique and defined by S ag (ah) = (g,h) 
and £ ag (p) = €Q(g)z(g)z(g)U g , for any choice of z. This then allows us to compute 
the corresponding parts of the S and T matrices. In particular (assuming all half- 
braidings £ ag exist), we have 

T ag , ag =S ag (a g ) = (g,g} 1 (4.49) 
S ag , ah = X^£ ag (a h Y£ ah (a g y = \^Jg~7h) 2 , (4.50) 

where A is given in (14. 14ft . 

In the remainder of this subsection we turn to n' — and n' = n. When n' = 0, 
(14.1 Op no longer applies and we have two half-braidings for a g given by choosing either 
sign in c' g . The remaining half-braidings for n' — are for a = p, with precisely In 
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half-braidings, and precisely one each for a = a g + ah for each g ^ h. In this 
Tambara-Yamagami case, as analysed in Section 3 of [19], Tube A is isomorphic as a 
C*-algebra to C 4n © (M 2x2 ) n(n ~ 1)/2 , and elementary expressions for the modular data 
fall out directly 

Thanks to Proposition 6, the case n — n' reduces to that studied in [TH], and so 
its tube algebra is fully analysed in Section 6 of P2] . We find there is a unique half- 
braiding and simple summand C in Tube A for each a = a g , while each o = p + a g 
corresponds to a unique summand M 2x2 and half-braiding, a = p + a g + ah (g ^ h) 
gives a unique braiding and summand M^ x ^. Finally, there are exactly n(n + 3)/2 
half-braidings with a = p, and each contributes a C to Tube A. Thus 

Tube A n , =n = C n ^ 2 © (M 2x2 ) n © (M 3x3 ) n{n - 1)/2 . (4.51) 

The modular data for n 1 = n is described in [TH] as follows. First, find all functions 
£ : G — > T and uj G T, t G G such that 

C(g) = vW a(r) c 3 - nt 1 , (4.52) 

9 

cJ2 b (9 + k) £{k) = co 2 c 3 a(r) £(g + r) - ^5~ l , (4.53) 



i{r-g) = uc A a{g)a{r-g)i{g), (4.54) 
£(*0 b(k - g) b(k -h) = c 2 b(g + h- r) a9) £W a(g - h) - c 2 5~ l . (4.55) 

k 

There will be a total of n(n + 3)/2 such triples (uj, Tj,£j). 
The n(n + 3) primaries fall into four classes: 

1. n primaries, denoted a g , g G G; 

2. n primaries, denoted bh for h G G; 

3. n{n — l)/2 primaries, denoted Ck,i = ti,k f° r k,l £ G, k ^ I; 

4- n{n + 3)/2 primaries, denoted dj, corresponding to the triples (ojj,Tj,£j). 

We can write the S and T matrices in block form as 

T = diag({g,gy i {h,h)){k,iy,u j ) , (4.56) 

,( (9,9'r 2 (6 + l){g,h>)- 2 (8 + 2) (g,k> + l>) «{ff,T,/)\ 

g - -\ (5 + l )(h,g')- 2 (h, h')-» (8 + 2)(h,k ' + l') -<5<^,V) U c 7 \ 

_\ I (<5 + 2)(fc + «, 9 '> (5 + 2)(fc + «,/»') (5 + 2)((k,k')(l,l') + (k,l')(l,k')) I' 1 ' 

\ 5(r,-, S '> -«(T 3 -,h'> / 

where 

Sjj' = $^( r i+ r i'+^ 3)+fo J w J 'C 6 a(r J )a(r J >" 1 £j(9)&( h )( T j ~r f + h-g,h- g) 

9 g,h 

(4.58) 

This is all perfectly simple, except for the n(n + 3)/2 x n(n + 3)/2 block Sjj/. 
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4.4 The modular data for the double of G + n when n is odd 

The point of this subsection is to compute the mysterious part (14. 58ft . We will show 
that, rather unexpectedly, Sjj> is built up from a quadratic form on an abelian group 
of order n + 4. 

Definition 3. Let G be any finite abelian group. By a nondegenerate quadratic 
form Q on G we mean a map Q : G — > Q/Z such that Q(—g) = Q(g) (mod 1) for 
all g E G, and (,) Q : G x G -> T defined by (g,h) Q = e ^(Qig+h)-Q(g)-Q(h)) ls a 
nondegenerate symmetric pairing in the sense of Definition 1. 

For example, when G = Z n for n odd, these are precisely Q(g) = mg 2 /n for any 
integer m coprime to n. More generally, for |G| odd, the nondegenerate quadratic 
forms and nondegenerate symmetric pairings are in natural bijection. In such a 
case, we can always write G as Z ni x • • • x Z„ fc where Q restricted to each Z re . is 
nondegenerate and (Z n .,Z n .) = 1 for i ^ j. When \G\ is even, things are more 
complicated but G will have precisely \G/2G\ nondegenerate quadratic forms for 
each nondegenerate symmetric pairing (, ). The map a : G — > T of Corollary 5 is the 
exponential of a nondegenerate quadratic form. 

Given a nondegenerate quadratic form Q and a G Z, define the Gauss sum 

V N fceG 

For example, note from (13. 2p that the quantity c 3 of Corollary 5 is a Gauss sum. 
Provided aQ is nondegenerate, olq{o) will be a root of unity (this is a consequence of 
Proposition 7(a) below). All Gauss sums needed in this paper can be computed from 
the classical Gauss sums, corresponding to G = Z n and Q(g) = mg 2 /n, which equal 

(as) for n = 4 1 

i (£2) for n= 4 3 

for n = 4 2 

^1 ± l) (— ) when n = 4 and a = 4 ±m 

where (|) is the Jacobi symbol. For n even, these classical Gauss sums are not 
modulus 1, because rag 1 jn is degenerate in Z n . 

Proposition 7(a) Let Q be a nondegenerate quadratic form on any abelian group G. 
Define matrices 

S® h = -^=Jg~M Q , T% h = p 5 9jh exp(2vri Q(g)) , (4.59) 



for any a, (3 £ C Then S Q , T Q define modular data iff a = ±1 and (3 3 = aatQ(l). In 
this case, the identity is do. 

(b) Let G, G' be abelian groups of odd order n and n + 4 respectively. Choose any 
nondegenerate quadratic forms Q and Q' on them, and write (g, h) = (g, h)^ 1 ^ 2 and 
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</3, 7)' = (P, 7 )g +5)/2 for all g, h G G, fi, 7 G G, so Q(o) = (0, and Q'( 7 ) = (7, 7>'- 
Let § consist of the following n(n + 3) = n + — l)/2 + n(n + 3)/2 elements: a g 

Vo G G; 6^ V7i G G; Ck,i = %k VA;, / G G wt/i k ^ I; and m>7 = m _ 7 Vm G G, 7 G G' ; 
7 7^ 0. Define 



c<Q,Q' = I 



T Q ' Q / = diag((o,o);(M); (fc, /); (m, m) (7, 7 )0 , 

/ fa ff') 2 (g + l)(g, h') 2 (<5 + 2) (g, fc' + Q %,m') 2 

(<5 + l)(/i,g') 2 C«,^'> 2 (<5 + 2)(/i,fc' + Z'> -<5(/i,m') 2 

(<5 + 2)(fc + Z,g'} (<5 + 2)(fc + Z,/i'} (<5 + 2) ( IfaWWJ 7 ) + MP)) 

^ <5(m,g'} 2 -<5(m,h'} 2 -5(m, m'> ({7, 7'}' + (7, 7'}') ^ 



where A is groen m (14.141) . T/ien i/iese define modular data iff «q(1) «q'(1) = — 1- 
T/ie identity is do- 

The straightforward proof is by direct calculation: S 12 = G, S* = GS', ST*S = 
TS*T, and Verlinde's formula (14. lip . In (a), a 2 = 1 arises from the requirement that 
S 2 be a permutation matrix. The conditions a 3 /3 3 = ocq{— 1) and ccq(— 1)o:q/(— 1) = 
— 1 for (a) and (b) respectively both come from ST*S = TS*T. We find that the 
fusion coefficients of part (a) are Ng h = Sk t9 +h, every primary is a simple-current, 
and charge-conjugation C acts by —1. In (b), charge-conjugation sends a g \-> a_ g , 
bh b_/j,, Cfej c_jb_/, mi7 i— >■ 9_ m , T The nonzero fusion coefficients there are 

N ag , ah , ak =N agMk = N bgMk = N bg)bh ^ = 5(g + h + k); 
N ag , Wh ,, k , =S(g + h + h')5(g + k + k') + 6{g + h + k')5(g + h! + k) G {0, 1} ; 
NtgfiHjfiu* =o~(g + h + k)5j3 a ; 
N bg , bh ,^ k , = N bgSk kl ^ = 8(2g + 2h + k + k') ; 

^.cm.v.* = 5 ( 2 ^ + h + k + ^ + k ') + % + h + h, ) 6 (9 + k + k') 

+ S(g + h + k')S(g + h' + k)e {0, 1, 2} ; 

^Va^.a^ = + /i + A;)(l-fy, 7 ); 
Nc gMg , th ,^ = 5(g + h + g' + h' + 2k); 
Nc^fi,,,^ = 5(g + h + 2k + 2k'); 
N W g , thl ,c gl , thtl =5(g + h + g' + h' + g" + h"){\ + 6(g + g' + </') + % + ^ + g") 

+ 5(o + a' + ft") + 8{g + h' + h")) G {0, 1, 2} ; 

^ M , Vl y,V-V = ^ + 9 ' + ~ ^ 7 + 7 ' + 7 ") " ^ 7 " 7 ' + 7 ") " ^ 7 + 7 ' " 7 ") 

- % - y - 7")) e {o, 1} , 

where we write 8(g) — 1 or depending on whether or not g = 0. 

We'll let MT>gg>(Q,Q') denote the modular data of (b). Of course, associating 
SL 2 (Z) representations to quadratic forms is an old story. See for instance [26J, 
who study these in similar generality (though their G are p-groups, and they require 
(3 = 1), and call these Weil representations. To our knowledge, Proposition 7(b) is 
completely new, but what is more important is its relation to near-group doubles: 
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Conjecture 2. When \G\ = n is odd, the modular data for G + n is MT>g,G'(Q,Q')> 
where Q is the nondegenerate quadratic form on G corresponding to (,) , and Q' is a 
nondegenerate quadratic form on some abelian group G' of order n + 4. 

This is true for all groups G of odd order < 13 (recall in Table 2). The easi- 
est way to verify modular datum are equivalent is to first identify their T matrices 
(straightforward since they must have finite order) and then compare the floating 
point values of the S matrices — see Section 4.1 of [10] for details. In all cases in 
Table 2, G' — Z, n+4 , except for the first entry for G = Z 5 when G' = Z 3 x Z 3 . The 
quadratic form Q' is then identified in Table 2 by the integer m' in the Q' column. 
For the first entry of G = Z 5 , Q'(7i> I2) = (7? + 7 2 2 )A 

Even for n — 3, this is vastly simpler than the modular data as it appears in 
Example A.l of [19]. In fact we have no direct proof that they are equal for n = 3 - 
our proof that they are the same is that they both yield nonnegative integer fusions, 
they have the same T matrices, and their S matrices are numerically close. The 
simplicity of this modular data M.Vq^qi{G,G') supports our claim that the doubles 
of these near-group categories G + n should not be regarded as exotic. We would 
expect that these doubles are realised by rational conformal nets of factors, and by 
rational vertex operator algebras. 

The quantum-dimensions S x> o/So,o are 1,5+1, 5+2, 5 for primaries of type a, b, c, d 
respectively. We see from the above that the a g are simple-currents, and obey the 
fusions a g * a h = a g+ h, a g * b h = b g+h , a g * c hyk = c g+h ^ g+k , and a g * = D g +h, T 
They form a group isomorphic to G, and act without fixed-points. They supply the 
ultimate explanation for the G-action of Proposition 6.7 of [19]. The phases <-p g {x) 
defined by S agX;V = Lp g (y)S X:y are (g, h) for a h , b h ,d hr/ , and (g, k + 1} for c k ,i- 

The Galois symmetry is useful in understanding the modular invariants. For 

£ G Z^ n+4 ), a e g = a.£ g or bg g depending on whether or not the Jacobi symbol ( n( ^ +4 ) j 
equals 1. Similarly, b l g = b £g or a £g respectively. Finally, c e g h = c ig/h and d e g i = Qt g ,g T 
All parities ee(x) = +1 except for e^(?) Si7 ) = ( n ( w ^ +4 ) j ■ The requirement of a coherent 
Galois symmetry is what led us to the simplified modular data given above. 

A modular invariant is a matrix Z with nonnegative integer entries (often formally 
written as a generator function Z = J2 a b Z at bch a chb), with Z 0j o = 1, which commutes 
with the modular data S, T. It is called type I if Z can be written as a sum of squares. 
There are exactly 3 type I modular invariants when both n and n + 4 are prime (e.g. 
for n = 3): 



10 I 2 



z i = J2 n 2 + E im 2 + E m 2 + E 

9 9 9,h 9>7 

%2 = E \ a 9 + ^l 2 + 2 E l C 9^| 2 ' ^3 = |d0 + ^0 + E C 9'°! 2 ' 

9 9,h g^O 

The most important modular invariants are the monomial ones, of form Z = 
\T,Z a fich a \ 2 , as explained in Section 1.3 of [10], as they give a canonical endomor- 
phism 9 as a sum of sectors, and can be used to recover the original system from 
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its double. This is Miiger's forgetful functor [25]. For example, there are exactly 3 
monomial modular invariants for the modular data of the double of the Haagerup 
subfactor; these should correspond bijectively to the three systems found in [TJ] which 
are Morita equivalent to the principal even Haagerup system (see their Theorem 1.1), 
as each of those must correspond to a monomial modular invariant. 

We see however that for the MDg,G'{Q-> Q') modular data there is only one generic 
monomial modular invariant, namely Z%. This suggests that Grossman-Snyder per- 
haps isn't as interesting here as it was for the Haagerup (at least not for general n). 
On the other hand, recall our comments earlier that the type G + n systems with 
n = n' = v 2 may be related to the Haagerup-Izumi system for groups of order v. 
Consider first G = 7L n for n = v 2 a perfect square and write H = vG = Z„; then 
■M-T>g,g'{Q-iQ') has at least one other monomial invariant, namely 

h&H h£H h<h'&H 

Alternatively, when G = Hi x if 2 where each Hi = Z u , and (ifi, = 1 (which 

can always be arranged), another monomial invariant is 

Z' A =\a + b + ^ Hh,o),(o,h')\ 2 ■ ( 4 - 61 ) 

heH u h>£H 2 

We would expect that systems of type Z„2 + v 2 or Z^xZ^i v 2 should have nontrivial 
quantum subgroups in the sense of |12j . 

It isn't difficult to see why n + 4 arises here, i.e. why it can't be replaced by some 
other positive integer n! . In particular, after some work, the nonzero fusions of the 
form iVb^b are found to be 4/(n' — n);,and the ST*S = TS*T calculation requires 
the product of Gauss sums for G and G' to be — 1, which forces 4|(n' — n). 

When G has even order, the situation is similar but (as always with n even) 
somewhat messier; we will provide its modular data elsewhere. Again we have n 
simple-currents (the a g ), but for each g G G of order 2, a g now has n/2 fixed-points, 
which complicates things. The T entries for the first several even G are provided by 
the pairs (m',m") in the Q' column of Table 2, and from this the S matrix follows 
quickly from the equations of the last subsection. In particular, 

rp / ^' 9> C?4 2 if 7 + ^/2 iS Odd 

Wm {Ct'^ Cil^ 2 ^ 7 + n/2 is even 

where r 7 = 0, 1 for 7 + n/2 odd respectively even. Here l<7<(^- + 4)/2 and g G G 
except for 7 = (n + 4)/2 when g G G/2. 

Recall our observation in Section 3 of [TU] that the modular data of the double of 
the Haagerup-Izumi series at G = Z n resembles that of the affine algebra so(n 2 +4)^ 
at level 2. The analogous statement here is that the modular datum of the double of 
type 7j n + n near-group systems resemble that of the affine algebra so(n + 4)( 1 ^ ) at level 
2. In particular, for an appropriate choice of Q' (corresponding to m' = (n+3)/2), this 
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recovers T 0o/yi0o/y and S^ 0r/ ^ Q , . This could hint at ways to construct the corresponding 
vertex operator algebra. 
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